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Abstract. We give a geometric construct of a modular functor for any simple Lie-algebra and 
any level by twisting the constructions in 1161 and 1191 by a certain fractional power of the abelian 
theory first considered in 1 131 and further studied in [2]- 
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1. Introduction 



This is the second paper in a series of three papers ([2] and [3]) in which we provide a geometric 
construction of modular functors and topological quantum field theories from conformal field theory 
building on the constructions in [16j and [19j and [13j . In this paper we provide the geometric 
construction of a modular functor Vf for each simple Lie algebra and a positive integer I (the 
level) . In our third paper [3] in this series we give an explicit isomorphism of the modular functor 
underlying the Reshetikhin-Turaev TQFT for U q (s\(n)) and the one constructed in this paper for the 
Lie algebra s\(n). This uses the Skein theory approach to the Reshetikhin-Turaev TQFT of Blanchet, 
Habcgger, Masbaum and Vogel [7], [S] and [BJ. In particular we use Blanchet's [BJ constructions of the 
Hecke-category and its associated modular tensor categories. This construction is really a generation 
of the BHMV-construction of the tf 9 (s^C))-Reshetikhin-Turaev TQFT [8j to the U q (sl n (C))-case. 
As a consequence of this, we construct a duality and a unitary structure on our modular functor in 
the case of = sl(n). 

By a very general construction any modular functor with duality induces a topological quantum 
field theory in dimension 2 + 1 by the work of Kontsevich [TJ] and Walker (20] and also Grove [H] . 
By applying this to the modular functor V®, for = sl(ra), we get a TQFT for each I. We also prove 
in [3] that this TQFT is isomorphic to the Reshetikhin-Turaev TQFT for U q (s\(n)) at level I. 

Let us now describe our construction. Fix a simple Lie algebra and normalize the invariant 
inner product on it by requiring the highest root to have length squared equal to 2. Let t be a 
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positive integer and consider the finite (label) set Pi of integrable highest weight representations at 
level I of the affine Lie algebra of 0. By the usual highest weight vector representations, this finite 
set Pi is naturally identified with a subset of the dominant integrable weights of (see formula ((6|)). 

The main idea is to construct a modular functor V® by associating to each labeled marked surface 
the space of vacua using the given labels for the Lie algebra at level I for some complex structure on 
the marked surface, as defined in |16j |18j and [19] . In order to make this construction independent 
of the complex structure it must be understood in terms of bundles with connections over the hole of 
Teichmiiller space of the surface, relying on parallel transport to provide the required identifications 
between the different spaces of vacua. The consistencies of these identifications translates to flatness 
requirements on these connections. However, the sheaf of vacua construction in [16] and [19] gives 
a bundles with a connections, which is only projectively flat, over Teichmiiller space of the surface. 
By tensoring this bundle with a line bundle with a connection with the opposite curvature, we 
get a flat bundle over Teichmiiller space and the vector space we associate to the labeled marked 
surface is the vector space of covariant constant sections of this resulting bundle. This line bundle 
is constructed as a fractional power of a certain rank 1 abelian sheaf of vacua, which we considered 
in the first paper in this series [2] from the same point of view as [16] and [19] . The extraction of 
this fractional power brings in central extensions of mapping classes as the natural morphisms on 
which the resulting functor is defined. 

The construction and properties of this flat bundle primarily rely on the complex algebraic con- 
structions and results of [H] and [THj on the the sheaf of vacua construction yielding a conformal 
field theory for each simple Lie algebra and level t. For the 1-dimensional correction theory, we 
draw on the work [5] , which in turn relies on [13] . 

The definition of the functor V® requires only considerations of smooth families of Riemann 
surfaces (with some extra structure which is specified in section [3]) over smooth complex manifolds. 
This is the setting for section [3] through to section QT] However, in order to define the glueing 
isomorphism, which a modular functor is required to have, we need to discuss certain very simple 
families of stable curves, which contains so call nodal curves. These are described and considered in 
section [T21 and in the Appendix to this paper. 

The paper is organized as follows. In section [2] we give the axioms for a modular functor. Wc 
introduce the notion of a marked surface, which is a closed smooth oriented surface, with a finite 
subset of points with projective tangent vectors and a Lagrangian subspace of the first integer 
homology of the surface. These form a category on which there is the operation of disjoint union 
and the operation of orientation reversal. There is also the process of glueing on this category. If 
we have a finite set, we can label the finite set of points on a marked surface by elements from this 
finite label set and get the category of labeled marked surfaces. A modular functor based on some 
finite label set, is a functor from the category of labeled marked surfaces to the category of finite 
dimensional complex vector spaces, which takes the disjoint union operation to the tensor product 
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operation and which takes the glueing process to a certain direct sum construction, such that some 
compatibility holds, as described in details in Definition 12. Ill A modular functor is said to be with 
duality if further the operation of orientation reversal is taken to the operation of taking the dual 
vector space. 

In sections [3] to [H] we describe in detail how any simple Lie algebra and a level I, via the sheaf of 
vacua constructions in [19 yields a holomorphic vector bundles with a projectively flat connection 
over Teichmiiller spaces of pointed surfaces equipped with symplectic basis of the first homology. In 
sections [7] to [10] we describe in detail how the abelian sheaf of vacua constructions in [2] yields a 
holomorphic line bundles with a projectively flat connection and a preferred non-vanishing section 
over Teichmiiller spaces of pointed surfaces equipped with a symplectic basis of the first homology. 

In section [TJJ we describe our global geometric construction of a modular functor for any simple 
Lie algebra and a level £. Theorem 111.11 and 1 1 1 . 21 summarizes the constructions from sections l3l to [TOl 
The preferred section of the abelian theory allows us to construct a certain fractional power of this 
line bundle as stated in Theorem 1 11. 31 which we tensor onto this holomorphic vector bundle, so as 
to obtain a holomorphic vector bundle with a flat connection over Teichmiiller space. The modular 
functor is then defined (Definition lll.3|) by taking covariant constant sections of this flat bundle. 
The section ends with the construction of the disjoint union isomorphism. The glueing isomorphism 
is constructed in section [T2l where we also prove the needed properties of glueing. 

In section [JJJ] we establish all the axioms of a modular functor is satisfied based on the main 
results of the preceding sections. 

We have included an Appendix, which recalls the nessessary definitions regarding nodal curves, 
families of stable curves and the glueing construction. 

2. The axioms for a modular functor 

We shall in this section give the axioms for a modular functor. These are due to G. Segal and 
appeared first in [15] . We present them here in a topological form, which is due to K. Walker [20] . 
See also [TT]. We note that similar, but different, axioms for a modular functor are given in [TT] and 
in [5]. It is however not clear if these definitions of a modular functor is equivalent to ours. 

Let us start by fixing a bit of notation. By a closed surface we mean a smooth real two dimensional 
manifold. For a closed oriented surface E of genus g we have the non-degenerate skew-symmetric 
intersection pairing 

( v ) : #i(E,Z) x iJ 1 (E,Z)^Z. 

Suppose E is connected. In this case a Lagrangian subspace L C i?i(E, Z) is by definition a 
subspace, which is maximally isotropic with respect to the intersection pairing. - A Z-basis (a, 0) = 
(ax, . . . ,a g , j3%, . . . P g ) for i?i(E, Z) is called a symplectic basis if 



(a l} f3j) = Sij, (ati,aj) = = 0, 



GEOMETRIC CONSTRUCTION OF MODULAR FUNCTORS 



5 



for all i,j = l,...,g. 

If E is not connected, then i?i(E,Z) = ©i£Zi(Ei, Z), where Ej are the connected components of 
E. By definition a Lagrangian subspace is in this paper a subspace of the form L = ffijij, where 
Li C i?i(Ej,Z) is Lagrangian. Likewise a symplectic basis for Z?i(S, Z) is a Z-basis of the form 
((<?, /?*)), where (d?*,/3 l ) is a symplectic basis for Pi(Ej,Z). 

For any real vector space V, we define PV = (V — {0})/R+ . 

Definition 2.1. A pointed surface (E,P) is an oriented closed surface E with a finite set P C E 
of points. A pointed surface is called stable if the Euler characteristic of each component of the 
complement of the points P is negative. A pointed surface is called saturated if each component of 
E contains at least one point from P. 

Definition 2.2. A morphism of pointed surfaces f : (Ei, Pi) — >(Ea, P2) is an isotopy class of orien- 
tation preserving diffeomorphisms which maps Pi to P2 . Here the isotopy is required not to change 
the induced map of the first order Jet at Pi to the first order Jet at P%. 

Definition 2.3. A marked surface E = (E, P, V, L) is an oriented closed smooth surface E with 
a finite subset P C E of points with projective tangent vectors V € UpgpPTpE and a Lagrangian 
subspace L c Pi(E, Z). 

Remark 2.1. The notions of stable and saturated marked surfaces are defined just like for pointed 
surfaces. 

Definition 2.4. A morphism f : Ei — > E2 of marked surfaces Ej = (Sj, Pj, Vt, £,) is an isotopy 
class of orientation preserving diffeomorphisms / : Ei — > E2 that maps (Pi, Vi) to (Pa, V2) together 
with an integer s. Hence we write f = (/, s). 

Remark 2.2. Any marked surface has an underlying pointed surface, but a morphism of marked 
surfaces does not quit induce a morphism of pointed surfaces, since we only require that the isotopies 
preserve the induced maps on the projective tangent spaces. 

Let a be Wall's signature cocycle for triples of Lagrangian subspaces of Pi(E,R) (See |21|). 

Definition 2.5. Let fi = (/1, s\) : Ei — * E2 and f2 = (/2, S2) : E2 — * E3 be morphisms of marked 
surfaces Sj = (Ej, Pi, Vi, Li) then the composition of fi and f2 is 

= (/2/1, s 2 + si - o-((f2fi)*L 1 J 2 *L 2 , L 3 )). 

With the objects being marked surfaces and the morphism and their composition being defined 
as in the above definition, we have constructed the category of marked surfaces. 

The mapping class group T(E) of a marked surface E = (E, L) is the group of automorphisms of 
E. One can prove that F(E) is a central extension of the mapping class group T(E) of the surface 
E defined by the 2-cocycle c : F(E) — > Z, c(/i, fa) = ir((/i/2)*i, fi*L, L). One can also prove that 
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this cocycle is equivalent to the cocycle obtained by considering two-framings on mapping cylinders 
(see [1] and pQ). 

Notice also that for any morphism (/, s) : Si — > £ 2 , one can factor 

(f,s) = ((My):S 2 -»E a )o(/, a - a ') 
= (/ > s- a / )o((W > a / ):Si-»Ei). 
In particular (Id, s) : £ — >• £ is (Id, l) s . 

Definition 2.6. The operation of disjoint union of marked surfaces is 

(Ei, Pi, Vi, L x ) U (£ 2 , P 2 , V 2 , L 2 ) = (Ei U £ 2 , Pi U P 2 , ^ U V 2> L x 8 La). 

Morphisms on disjoint unions are accordingly (/1, si) U (/ 2 , s 2 ) = (/1 U / 2 , si + s 2 ). 

We see that disjoint union is an operation on the category of marked surfaces. 

Definition 2.7. Let E be a marked surface. We denote by — E the marked surface obtained from 
E by the operation of reversal of the orientation. For a morphism f = (/, s) : £1 — > £ 2 we let the 
orientation reversed morphism be given by — f = (/, — s) : — £1 — > — £ 2 . 

We also see that orientation reversal is an operation on the category of marked surfaces. Let us 
now consider glueing of marked surfaces. 

Let (£,{p_,p+} U P, {v-,v + } U V,L) be a marked surface, where we have selected an ordered 
pair of marked points with projective tangent vectors i>_), (p+, «+)), at which we will perform 
the glueing. 

Let c : P(T p _ E) — > P(T p+ £) be an orientation reversing projective linear isomorphism such that 
c(v—) = v + . Such a c is called a glueing map for E. Let E be the oriented surface with boundary 
obtained from E by blowing up p_ and p + , i.e. 

£ = (£ — {p-,P+}) U P(T p _E) U P(T p+ £), 

with the natural smooth structure induced from E. Let now E c be the closed oriented surface 
obtained from E by using c to glue the boundary components of £. We call E c the glueing of E at 
the ordered pair ((p_,u_), (p + ,v+)) with respect to c. 

Let now £' be the topological space obtained from E by identifying p^ and p+. We then have 
natural continuous maps q : E c — » £' and n : E— -*■£'. On the first homology group n induces an 
injection and q a surjection, so we can define a Lagrangian subspace L c C Pi(£ c ,Z) by L c — 
9^ 1 (^*(L)). We note that the image of P(T p _E) (with the orientation induced from E) induces 
naturally an element in Pi(£ c ,Z) and as such it is contained in L c . 

Remark 2.3. If we have two glueing maps Ci : P(T p _E) — >P(T p+ E), i = 1,2, we note that there is 
a diffeomorphism f o/E inducing the identity on (p_, u_) U (p+, «+) U (P, V) which is isotopic to the 
identity among such maps, such that (df p+ ) _1 c 2 (i/p_ = C\. In particular f induces a diffeomorphism 
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/ : E Cl — > E C2 compatible with / : E^E, which maps L Cl to L C2 . Any two such diffeomorphisms of 
E induces isotopic diffeomorphisms from Ei to S2. 

Definition 2.8. Let E = (E, U P, w + } U V, L) be a marked surface. Let 

c:P(T p _E)^P(T p+ E) 

be a glueing map and E c the glueing of E at the ordered pair ((p_,t>_), (p + , i>+)) with respect to 
c. Let L c C i?i(E c ,Z) be the Lagrangian subspace constructed above from L. Then the marked 
surface E c = (E c , P, V, L c ) is defined to be the glueing of E at the ordered pair (p + , u + )) 

with respect to c. 

We observe that glueing also extends to morphisms of marked surfaces which preserves the ordered 
pair ((p_,V-), (p + ,v + )), by using glueing maps which are compatible with the morphism in question. 
We can now give the axioms for a 2 dimensional modular functor. 

Definition 2.9. A label set A is a finite set furnished with an involution A h- > A and a trivial element 
1 such that 1 = 1. 

Definition 2.10. Let A be a label set. The category of A-labeled marked surfaces consists of marked 
surfaces with an element of A assigned to each of the marked point and morphisms of labeled marked 
surfaces are required to preserve the labelings. An assignment of elements of A to the marked points 
of E is called a labeling of E and we denote the labeled marked surface by (E, A), where A is the 
labeling. 

We define a labeled pointed surface similarly. 

Remark 2.4. The operation of disjoint union clearly extends to labeled marked surfaces. When we 
extend the operation of orientation reversal to labeled marked surfaces, we also apply the involution 
• to all the labels. 

Definition 2.11. A modular functor based on the label set A is a functor V from the category of 
labeled marked surfaces to the category of finite dimensional complex vector spaces satisfying the 
axioms MF1 to MF5 below. 

MF1. Disjoint union axiom: The operation of disjoint union of labeled marked surfaces is taken to 
the operation of tensor product, i.e. for any pair of labeled marked surfaces there is an isomorphism 

Ax) U (E 2 , A 2 ))) = V(Hi, Ax) ® y(E 2 , A 2 ). 

The identification is associative. 
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MF2. Glueing axiom: Let £ and £ c be marked surfaces such that £ c is obtained from £ by glueing 
at an ordered pair of points and projective tangent vectors with respect to a glueing map c. Then 
there is an isomorphism 

7(£ c ,A)^0y(£,M,A,A), 

which is associative, compatible with glueing of morphisms, disjoint unions and it is independent of 
the choice of the glueing map in the obvious way (see remark [ 



MF3. Empty surface axiom: Let denote the empty labeled marked surface. Then 

dimy(0) = 1. 

MF4- Once punctured sphere axiom: Let £ = (S 2 , {p}, {v}, 0) be a marked sphere with one marked 
point. Then 

1, A = 1 



dimF(£,A) = 



0, A^l. 



MF5. Twice punctured sphere axiom: Let £ = (S 2 , {pi,P2}, {vi, W2}, {0}) be a marked sphere with 
two marked points. Then 

dimF(£,(A,M)) = { ^ 

In addition to the above axioms one may has extra properties, namely 

MF-D. Orientation reversal axiom: The operation of orientation reversal of labeled marked surfaces 
is taken to the operation of taking the dual vector space, i.e for any labeled marked surface (£, A) 
there is a pairing 

( v ) :V(E,A)®K(-E,A)-C, 

compatible with disjoint unions, glueings and orientation reversals (in the sense that the induced 
isomorphisms V(E, A) ^ V(-£, A)* and F(-£, A) = F(£, A)* are adjoints). 

and 

MF-U. Unitarity axiom Every vector space T^(£, A) is furnished with a hermitian inner product 



(•,.):V(E,A)®y(E,A)-^C 

so that morphisms induces unitary transformation. The hermitian structure must be compatible 
with disjoint union and glueing. If we have the orientation reversal property, then compatibility 
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with the unitary structure means that we have a commutative diagrams 

V(-E,X) — — > V(-£,A)* 



V(E,A)* — =-» V(-E,A), 
where the vertical identifications come from the hermitian structure and the horizontal from the 
duality. 

The rest of the paper is concerned with the detailed geometric construction of modular functors 
using conformal field theory. However, we shall assume the reader is familiar with [19] and [2] and 
freely use the notations of these two papers in this paper. 

3. TEICHMULLER SPACE AND FAMILIES OF POINTED RlEMANN SURFACES WITH FORMAL 

NEIGHBOURHOODS 

Let us first review some basic Teichmuller theory. Let E be a closed oriented smooth surface and 
let P be finite set of points on E. 

Definition 3.1. A marked Riemann surface C is a Riemann surface C with a finite set of marked 
points Q and non-zero tangent vectors W S TqC = UqeQ T q C. 

Definition 3.2. A morphism between marked Riemann surface is a biholomorphism of the under- 
lying Riemann surface which induces a bijection between the two sets of marked points and tangent 
vectors at the marked points. 

The notions of stable and saturated is defined just like for pointed surfaces. 

Definition 3.3. A complex structure on (E, P) is a marked Riemann surface C = (C, Q, W) together 
with an orientation preserving diffeomorphism <fi : E — » C mapping the points P onto the points 
Q. Two such complex structures <pj : (E, P)— »Cj = (Cj,Qj,Wj) are equivalent if there exists a 
morphism of marked Riemann surfaces 

$ : Ci->C 2 

such that 0^" lt E > 0i : (E, P) — >(E,P) is isotopic to the identity through maps inducing the identity 
on the first order neighbourhood of P. 

We shall often in our notation suppress the diffeomorphism, when we denote a complex structure 
on a surface. 

Definition 3.4. The Teichmuller space Trs,p) of the pointed surface (E, P) is by definition the set 
of equivalence classes of complex structures on (E,P). 

We note there is a natural projection map from Trs.P) to TpE = U pe pT p E, which we call up. 
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Theorem 3.1 (Bcrs). There is a natural structure of a finite dimensional complex analytic manifold 
on Teichmuller space 7(s,p)- Associated to any morphism of pointed surfaces f : (Si, Pi) — >(T,z, P2) 
there is a biholomorphism f* : 7(Si,Pi) ^T(t, 2 ,p 2 ) which is induced by mapping a complex structure 
C = (C,Q,W), 4> : Si^C to <f> o / _1 : E 2 — > C. Moreover, compositions of morphisms go to 
compositions of induced biholomorphisms. 

There is an action of on 7(s,p) given by scaling the tangent vectors. This action is free and 
the quotient T^\y,^ P ) = 7(s,p) /R+ is a smooth manifold, which we call the reduced Teichmuller 
space of the pointed surface (S, P). Moreover the projection map Tip descend to a smooth projection 
map from T^^,P) to U pe pP(T p X), which we denote iTp\ We denote the fiber of this map over 
V e U pe pP(T p T,) by 7?e,p,v) • Tcichmiiller space of a marked surface £ = (£, P, V, L) is by definition 
7s = T(e,p,v), which we call the Teichmuller space of the marked surface. Morphisms of marked 
surfaces induce diffcomorphism of the corresponding Teichmuller spaces of marked surfaces, which of 
course also behaves well under composition. We observe that the self-morphism (Id, s) of a marked 
surface acts trivially on the associated Tcichmiiller space for all integers s. General Tcichmiiller 
theory implies that 

Theorem 3.2. The Teichmuller space 7s of any marked surface X is contractible. 

Now let us recall the definition of a formal neighbourhood of a point on a Riemann surface. 

Definition 3.5. Let C be a Riemann surface and q a point on C. Let 0c,<? be the stalk of Oc at 
q and let m q the maximal ideal in Oc, q - We note that m™, n = 0, 1, 2, . . ., gives a filtration of Oc, q - 
A formal n'th-order neighbourhood at q is a filtration preserving isomorphism 

Oc, g /m n q +1 = C[[£]]/(r +1 ). 

Let Oc, q = limn^oo Oc,q/vn.q be the completion of Oc, q with respect to the filtration. A formal 
neighbourhood (or formal coordinate) at q is a filtration preserving isomorphism 

r, : 6 c , q = C[[£]]. 

We note that we have a canonical isomorphism 

O c , g /m 2 q ~ C0T 9 *C, 
/ -> (/(«),#,)■ 

Hence a formal l'st order neighbourhood induces and is determined by an isomorphism of T*C 
with C. Hence a formal l'st order neighbourhood determines and is determined by a non-zero vector 
in T*C, specified by the property that it maps to 1 e C or equivalently a vector in T q C pairing to 
unity with this vector. 
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Definition 3.6. A pointed Riemann surface with formal neighbourhoods 

X = (C;q%, ■ ■ ■ ,gjv;»7i, ■ • ■ > m) 

is the following data: A Riemann surface C, an ordered A^-tuple of N distinct points (qi, . . . , qpj) 
on C together with formal neighbourhoods 

m : 6 c , qj = c[[o]] 

for j = 1, ...,N. 

We remark that a pointed Riemann surface with formal neighbourhoods is an " A-pointed smooth 
curve with formal neighbourhoods" in the sense of Definition 1.1.3. of 19J. 

Definition 3.7. For a pointed Riemann surface with formal neighbourhoods X, we denote by 
c(X) the underlying marked Riemann surface. For a labeled pointed Riemann surface with formal 
neighbourhoods (X, A), we denote by c(X, A) = (c(X),A) the underlying labeled marked Riemann 
surface. Here A denotes the labeling of the marked points of c(X) induced by A. 

Definition 3.8. A family of pointed Riemann Surfaces with formal neighbourhoods 

5 = (tt : C -> B; s; if) 

is the following date: 

• Connected complex manifolds C and B, such that dime C — dime B + 1. 

• A holomorphic submersion tt : C — > B. 

• Holomorphic sections Sj, j = 1, . . . , N of n. 

• Filtered Og-algebra isomorphisms 

7 h : d /Sj = km Oy/q a B [[£]], 

n — ^oo 

where Ij is the defining ideal of Sj(B) in C, j = 1, . . . , JV. 

Note that a family of pointed Riemann Surfaces with formal neighbourhoods is a "Family of 
iV-pointed smooth curves with formal neighbourhoods" as in Definition 1.2.1 in [T^. See also the 
Appendix at the end of this paper. 

Let S be a closed oriented smooth surface and let P be finite set of N marked points on E, i.e. 
(E, P) is a pointed surface. 

For a connected smooth complex manifold B let Y = E x B. 

Let 5 = (tt : C — > B; s; ij) be a family of pointed Riemann surfaces with formal neighbourhoods 
and assume we have a smooth fiber preserving diffeomorphism <f>^ from Y to C taking the marked 
points to the sections s and inducing the identity on B. This data induces a unique holomorphic 
map 4"^ from B to the Teichmuller space Trs^p) of the surface (E, P) by the universal property of 
Teichmiiller space. 
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Definition 3.9. The pair $5) is called a family of pointed Riemann surfaces with formal neigh- 
bourhoods on (E, P). If P' C P is a strict subset, we say that (J, is called a family of pointed 
Riemann surfaces with formal neighbourhoods over (E, P'). 

Often we will suppress $ ^ in our notation and just write $ is a family of pointed Riemann surfaces 
with formal neighbourhoods on (E,P). 

Definition 3.10. If a family ^ = (W : C — > s; 77) of pointed Riemann surfaces with formal 
neighbourhoods on (E, P), as above, has the properties, that the base B is biholomorphic to an open 
ball and that the induced map is a biholomorphism onto an open subset of Teichmiiller space 
T(t.,p) then the family is said to be good. 

Note that if a family of pointed Riemann surfaces with formal neighbourhoods on (E, P) is versal 
around some point b 6 B, in the sense of Definition 1.2.2 in [15], then there is a open ball around b 
in £>, such that the restriction of the family to this neighbourhood is good. 

Proposition 3.1. For a stable and saturated pointed surface (E, P) the Teichmiiller space 7(e,p) 
can be covered by images of such good families. 

This follows from Theorem 1.2.9 in [19] . 

Suppose now that we have two stable and saturated families i = 1,2 with the property 
that they have the same image 1 i>^ 1 (Bi) — ^^2(^2) in Teichmiiller space T(s.P) an d that $2 is 
a good family. 

Proposition 3.2. For such a pair of families there exists a unique fiber preserving biholomorphism 
$ : Ci -^C 2 covering ty^^Si su °h that Q^^Si '■ (Xi P) ~ P) is isotopic to xld through 

such fiber preserving maps inducing the identity on the first order neighbourhood of P. 

This follows from uniqueness of the <& in Definition 13.31 

We note that there is some permutation S of {1,... ,N} such that (5$*(^2))' 1 ^ = (Vi) > i- e - 
5$* (772) induce the same first order formal neighbourhoods as ffi does. 

Suppose now / is an orientation preserving diffeomorphism from (Ei,Pi) to (E2,P2). Let 3i be 
a family of pointed Riemann surfaces with formal neighbourhoods of (Ei,Pi). By composing 
with f~ l x Id we get a family of pointed Riemann surfaces with formal neighbourhoods of (E2, P2). 
We note that = f* o , where /* is the induced map between the Teichmiiller spaces. This 
operation on families clearly behaves well under compositions of diffeomorphisms. 

4. The space of vacua associated to a labeled marked Riemann Surface 



4.1. Affine Lie algebras and integrable highest weight modules. In this section we recall 
the basic facts about integrable highest weight representations of affine Lie algebras. For the details 
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of integrable highest weight representations of affine Lie algebras we refer the reader to Kac's book 
[Ka]. 

Let g be a simple Lie algebra over the complex numbers C, which we fix throughout the paper. 
Let i) be its Cartan subalgebra. By A we denote the root system of (fl, f)). We have the root space 
decomposition 

= h© ^Qa- 

Let be the linear span of A over R. Fix a choice of positive roots A + . 

Let ( , ) be a constant multiple of the Cartan-Killing form of the simple Lie algebra g. For 
each element of A e (), there exists a unique element H\ e I]* such that 

X(H) = (H X ,H) 

for all H £ t). For a G A, H a is called the root vector corresponding to the root a. 
On t)* we introduce an inner product by 

(1) (X, f jL) = (H x ,H ll ). 

Let us normalize the inner product ( , ) by requiring that 9, the highest (or longest) root, has 
length squared 

(2) {6, 9) = 2. 

Let V\ be the irreducible left g-module of highest weight A. It is well-known that a finite dimen- 
sional irreducible left g-module is a highest weight module and two irreducible left g-modules are 
isomorphic if and only if they have the same highest weight. A weight A € hj^ is called an integral 
weight, if 

2(X,a)/(a,a) e Z 
for any a <G A. A weight A G hj^ is called a dominant weight, if 

w(X) < X 

for any element w of the Weyl group W of g. By P + we denote the set of dominant integral weights 
of g. A weight A is the highest weight of an irreducible left g-module if and only if A e P + . 
Let w be longest element of W. Then we define an involution f on P + by 

(3) A f = -w(X). 

One has that the opposite of dual of the left-g- module V\ is isomorphic to left-g-module V^t , meaning 
there exists a non-degenerate g-invariant perfect pairing 

As mentioned in the introduction, we will need to fix |0) e Vq \ {0} and 

|o A ,At>e (Vx®v xi y\{o}, 
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where we put |0 AA t) = |0) <g> |0) for A = . Fixing such a vector is of course equivalent to fixing the 
above mentioned pairing. 

By C[[£]] and C((£)) we mean the ring of formal power series in £ and the field of formal Laurent 
power series in £, respectively. 

Definition 4.1. The affine Lie algebra g over C((£)) associated with g is defined to be 

? = 0®C((£))®Cc 
where c is an element of the center of g and the Lie algebra structure is given by 
[X ® /(C), y ® = [X, Y] ® /(0 5 (0 + c ■ (X, Y) IUs(s(0# (0) 

for 

^Jes, /(£), s(0 e C((0). 

Put 

(4) s+ = 0®c» 5_=0®c[r 1 ]r 1 - 

We regard g + and g_ as Lie subalgebras of g. We have a decomposition 

(5) g = g+ ffigffi Cc® g_. 
Let us fix a positive integer f (called the level) and put 

(6) P e = {\eP + \0<(6,\)<e}. 

For all levels £ we observe that f takes Pt to it self. 

For each element A <G Pe we shall define the Verma module M\ as follows. Put 

P+ := g+ © g © C • c. 

Then p + is a Lie subalgebra of g. Let V\ is the irreducible left g- module of highest weight A. The 
action of p + on V\ is defined as 

cv — iv for all v e V\ 

av = for all a e g+ and u € V\ 

Put 

(7) A4 A :=[/(?) ® p+ V*. 

Then .Ma is a left g- module and is called a Verma module. The Verma module M\ is not 
irreducible and contains the maximal proper submodule J\. The quotient module Ha := M.\/J\ 
has the following properties. 
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Theorem 4.1. For each A G Pg, the left 'g-module TL\ is the unique left ~Q-module (called the 
integrable highest weight g-module) satisfying the following properties. 

• V\ = { \v) € Tlx | 0+l w ) = } is the irreducible left Q-module with highest weight A. 

• The central element c acts on Tl\ as £ ■ id. 

• Tlx is generated by Vx over g_ with only one relation 

(8) (X e ®(T 1 ) t ~ le ' X)+1 \*)=0 

where Xg £ g is the element corresponding to the maximal root 6 and |A) G Vx is a highest 
weight vector. 

The theorem says that the maximal proper submodule J\ is given by 

(9) Jx = U(fi-)\J X ) 
where we put 

(10) |j A ) = (x e ®r 1 )^ (e,A)+1 |A). 

For the details see (10.4.6) in 

Similarly we have the integrable lowest weight right g-module 7i\ which will be discussed below. 

4.2. The Segal-Sugawara construction. We use the following notation 

X(n) = X®C, Xeq 
X(z) = "£x(n)z- n - 1 

where z is a variable. The normal ordering ° ° is defined by 

{X(n)Y(m), n < m, 

\{X(n)Y{m) + Y{m)X(n)) n = m, 
Y(m)X(n) n > m. 

Note that, if n > m and X = Y, we have 

(11) °X(n)X{m)° =X{n)X(m)-n5 n+m , {X,X)-c. 
Definition 4.2. The energy-momentum tensor T(z) of level £ is denned by 

dim g 



t ( z ) = nl 1 y ° J a {z)J a {z) 

v ' 2(g* +£) ^ ° w w 



where { J 1 , J 2 , . . . , J dlmfl } is an orthonormal basis of q with respect to the Cartan-Killing fori 
( , ) and g* is the dual Coxeter number of g. 
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Put 

dim g 

(12) Ln = ^7--7T E E o J a (m)J a (n - m) ° . 

Vy ''meZ a=l 

Then we have the expansion 

T(z) = £ L n z- n - 2 . 

riGZ 

The operator L n is called the n'th Virasoro operator and it acts on Tix- 

For leg, f = f(z) e C((z)) and I = i{z)^- e C((z))-^- we use the following notation. 

dz dz 

X[f] = Res(X (z)f(z)dz) 

z=0 



Tie] = Res(T(z)£(z)dz). 

z=0 



In particular, we have that 



(13) Lo = T ^- 

To define a filtration {F,} on H\, we first define the subspace H\(d) of H\ for a non- negative 
integer d by 

(14) Hx(d) = {\v)€H x \ L \v) = (d + Ax)\v)} 
where 

no a (A,A) + 2(A,p) 1 ^ 

The subspaces H\(d) are finite dimensional vector space and one has that 

oc 
d=0 

Now we define the filtration {F p Tt\} by 

p 

(16) F p H x = J2'Hx(d). 

d=0 

Put 

(17) H{(d) =Homc(W A (rf),C). 
Then the dual space of Ha is defined to be 

oo 

(18) H{=Rom c (H x ,C) = l[n{(d). 

d=0 
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By our definition Tt\ is a right g- module. A decreasing filtration {F p Tt\} is defined by 

(19) F?H{ = Y[H{(d). 

d>p 

There is a unique canonical perfect bilinear pairing 

(20) ( | ):H{xHx^C, 

given on (g) V\ by evaluation and which satisfies the following equality for each a Eg. 

(u\av) = (ua\v), for all {u\ G 7i\ and \v) e H\ . 

Put 

vZ = {(v\en{\ H?_ = o}. 

It is easy to show that = Ti.\(0) and is the irreducible right g- module with lowest weight A. 
The integrable highest weight right g-module with lowest weight A is generated by over g + with 
only one relation 

(\\(X-g®o e ~ {9 ' x)+1 = 0. 

Now let us introduce the left fl-module structure on 7i\ by 

X(n)($\ :=-(<t>\X(-n). 

It is easy to check that this indeed defines the left g-module structure on Tt\. 
Now we give the relationship of the left g-module H x and H\i . 

Lemma 4.1. There exists a unique canonical bilinear pairing 

( I ):HaX%^C 

such that we have 

(X(n)u\v) + (u\X(-n)v) = 

for any X e g, n e Z, \u) G H\, \v) G H\t , the pairing is zero on TL\{d) x H\t(d'), if d ^ a" and it 
evaluates to 1 on |0 A A t)- 

Corollary 4.1. This pairing induces a canonical left g-module isomorphism 
where Jiw is the completion ofH\t with respect to the filtration {F p }. 
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4.3. The space of vacua. 

Definition 4.3. The Lie algebra $n is defined as 

N 

5N = 00®cC((&))©Cc 

3=1 

with the following commutation relations. 

N 

(21) [(X, ® /,), (Yj ® <&)] = ([*,■, y,-] ® / Jfli ) + c^(X i; y rf ) Resfed/,) 

3=1 Cj 

where (oj) means (ai, 02, ... , a at) and c belongs to the center of g^v- 

Let X = (C;q±,q2, ■ . ■ ,qN)T]i,ri2, . . . , T)n) be a pointed saturated Riemann Surface with formal 
neighbourhoods and define 

AT 

(22) ?(*)= 8 ®cH°(C> (*£>))• 

3=1 

We have the natural embedding 

AT JV 

i = mi : C (* ]T <&)) C(fe)) 

3=1 3 = 1 

given by Laurent expansion using the formal neighbourhoods. In the following we often regard 

N 

H°(C, Oc{* ^jLi Ij)) as a subspace of ^ftC((£,*)). One has by lemma 1.1.15 in [19], that q(X) is a 

3=1 

Lie subalgebra of qn- 

Let us fix a non-negative integer I. For each A = (Ai, . . . , Ajv) £ (Pi) N , the left 0Ar-module H% 
and a right gjv-module Tit are defined by 

Hi = H\ 1 Oc • • • ®c 

The hats over the tensor product means that the algebraic tensor product has been completed with 
respect to the induced filtration. 

For each element Xj G g, f(£j) € C((£j)), the action pj of Xj[fj] on is given by 

(23) Pj{Xj[fj])\ v i ® ■ • • ® vat) = |wi <8 • • • <8> Uj-i <8 ® Uj+i • • • «w> 
where |«i ® • • • ® vat) means ® • • • ® |«iv), € Ha 3 - The left gAr-action is given by 

JV 

(24) (Xi ®fi,...,X N ® f N )\vi ® •• -ujv) = ^IftPOL/jDK ® ' ' -«iv>- 

3=1 
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Similarly, the right gjv-action on TiX is defined by 



TV 



(25) (ui <g> ■■■u N \(X 1 ® ft,...,X N <g> f N ) = ^(ui <g> • ••u w |pj(X i [/ 7 ]). 
As a Lie subalgebra, fl(X) operates on and as 

N 

(26) = X)ft( X ®W))K® ■■■v N ) 

3 = 1 

and as 

(27) (ui <8 • • • ujv|(X ® /) = ^(wi ® • ■ • ® Uiv|ft(X <8> 

The pairing ( | ) introduced in [T5] induces a perfect bilinear pairing 

(28) ( | ):HlxH x ^C 
given by 

((til ® ... <g) Mjvl, |U1 O ■ ■ • ® WJV)) ->■ (Ml|wi)("2K'2) ' ' ' (un\vn) 

which is gjy-invariant: 

{9(X j ®f j )\$) = {*\(X j «/,•)$). 
Now we are ready to define the space of vacua attached to X. 

Definition 4.4. Assume that X is saturated. Put 

(29) V X (X) = H x /q(X)H x . 

The vector space V X (X) is called the space of covacua attached to X. The space of vacua attached 
to X is defined as 

(30) vt(X) = Hom c (V x (X),C). 
One gets that 

(31) Vj(X)={<*|€«j.|<*|?(£) = 0}. 



Moreover, the pairing ([2811 induces a perfect pairing 
(32) ( | >:Vj(£)xV x (£)-C. 

The following theorem is proved in [19] . 
Theorem 4.2. The vector spaces V^(X) and Vt(X) are finite- dimensional. 
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4.4. Propagation of vacua. For a pointed Riemann Surface with formal neighbourhoods X = 
(C; q\, . . . , qN] fji, ■ ■ ■ , t]n) let qN+i be a point on C\ {gi, . . . , gjv} and ?7Ar+i a formal neighbourhood 
of C at qN+i- Put 

X = (C;qi, . . .,q N ,q N+1 ;r]i, . . . , rj N , r?jv+i)- 
Since there is a canonical inclusion 

W x — ► <g> Ho 
\v) — -» |v) ® |0) 

we have a canonical surjection 

r : wtgwj — ► nt . 

Theorem 4.3. The canonical surjection 7* induces a canonical Propagation of vacua isomorphism 

4.5. Change of formal neighbourhoods. We let V be the automorphism group AutC((£)) of 
the field C((£)) of formal Laurent series as a C-algebra. There is a natural isomorphism 

00 

v ~ { a ^ n+1 1 «o 7^ } 

n=0 

h I ► h(0 

where the composition h o g of h, g € V corresponds to the formal power series h(g(£)). 
Put 

v p = {hev \ h(0 = £ + a P e +1 + ■■■} 

for a positive integer p. Then we have a filtration 

V = V° D V 1 D V 2 D . . . 

Also let 

i = C[[fl]f| 

d p = c[m p+1 ^ p= 0,1,2,... 

Then, we have a filtration 

d = d° D d 1 D £ D ■ ■ ■ 
For any I e d and /(£) e C[[£\] define exp(i) (/(£)) by 

expO)(/(0) = E^a fc /(0)- 

fc=0 
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Set 

V\ = {heV \ h(€) = < + aiC 2 + • • • , a > } 

4 = {i(O^U(0=«e + aiS a + "', 
Then, we have the following result. 

Lemma 4.2. The exponential map 

exp : d —> D 

I i— > exp (7) 

is surjective. Moreover, the exponential map induces an isomorphism 

exp : d° + ~ X>^. 

Since, for any integer n, we have 

exp(27rn\/ :r T^-^:) = id, 
d£ 

the exponential mapping is not injective on d. 
For any element / € T>° + we define exp(T[f]) by 



exp(T[I])=^lr[I] fe . 

fe=0 

Then, exp(T|7]) operates on H.^ from the left and on 7i\ from the right. 

By Lemma 14. 2) for any automorphism h £ X>° , there exist a unique { G d^J_ with exp(Z) = ft. Now 
for h £ X>+ define the operator G[h] by 

G[h] = exp(-T[Z]) 

where exp(y = ft,. Then, G[h] operates on H\ from the left and on Ti.\ from the right. Then the 
following important theorems hold. 

Theorem 4.4 ([19, Theorem 3.2.4]). For any h e V\, /(£)*; € C((f))d£, € C((f)) and 

{= ^ we have the following equalities as operators on T and . 

(1) G[h\m{i)di\)G[h\- x = ip[h*(f(0dt)} = W(h(t))h'(t)d£] 

(2) GWQMfflGih]- 1 = ^[h*( 9 (o)] = mMm 

(3) G[h l oh 2 ] = G[h 1 ]G[h 2 ] 

(4) G^THGir 1 = r[ad(fe)0)] + \ Res 

where {/(£))£} * s ^ e Schwarzian derivative. 
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Theorem 4.5 ([19, Theorem 3.2.5]). For any hj <G T>\, j = 1,2, ...,N and a pointed Riemann 
surface with formal neighbourhoods 

X = (C;qi,q2, ■ ■ ■ ,qN;€l,&, ■ ■ ■ ,€n) 

put 

X(h) = (C;qi,q2, ■ ■ ■ ,qN;h 1 (£ 1 ),h 2 (&), ■ ■ ■ ,h N (£ N )). 
Then, the isomorphism G[hi]<S> ■ ■ ■ <8>G[ft.jv] 

ni -» ni 

(4>S---®(p N \ h-> {<pxG[hi\® ■ ■ ■ ®<j> N G[h N ]\ 
induces the canonical isomorphism 

G[h] = G[Ai]g • • • ®G[h N ] : V|(X) -> V|(% } ) 

Let X = (C;Q;fJ) be a Riemann surface with formal neighbourhoods and let qN+i be a further 
point on the curve C and r]N + i a formal neighbourhood of C at qN+i- Put Q — (qx, . . . , qpj, qN+i) 
and rj = (771, . . . , r] N , rj N +i)- Let 

We have the canonical isomorphism ^ from v| Q (X) to V|(X) as given in Theorem l4.3l Suppose 
now £ is another formal neighbourhood at Q and that £,n+i is a formal neighbourhood at qN+i- 
Let then £ = (£,£^+1), X' = (C;(3;£) and X = (C;<3;£). Let h be the formal coordinate change 
£ = and /i the formal coordinate change £ = Assume now c(X, A) = c(X',A) and 

c(X, A,0) = c(X',A,0). Then hj € P% ft > 1 and hj € P^, Pj > 1. We then get the following- 
diagram: 



Vj (5) Vj(X) 



(33) G[h] 



G[A] 



vi (r) vi(x') 

Proposition 4.1. T/ie diagram 133\) is commutative. 
Proof. A simple explicit calculation shows that 

L k \0) =0 

if fc > and 

L |0) = A |0). 
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But by (|15[) Ao = 0. From this we immediately get that 

G[h N+1 }\0) = |0), 

which by the very construction of the propagation of vacua isomorphism makes the above diagram 
commute. 

□ 

4.6. The definition of the space of vacua associated to a labeled marked Riemann surface. 

Let C = (C, Q, W) be a pointed Riemann surface and let A be a labeling of C. We shall now define 
the space of vacua attached to the pair (C,A). We do this by providing canonical isomorphisms 
between the spaces of vacua associated to all correspondingly label pointed Riemann surfaces with 
formal neighbourhoods over C. First we treat the case where C is saturated. 

We notice that the definition of the space of vacua Vt(X) associated to a pointed Riemann 
surface with formal neighbourhoods X = (C\Q,ff) depends on the ordering of the marked points 
Q = (qi, . . . , gjv). Let S be a permutation of {1, . . . , N}. We then define Xs = (C, S(vQ), S(ff)). 
The permutation S acting from Ti.^ to T~C S r^y induces an isomorphism 

Clearly, compositions of permutations go to compositions of isomorphisms. 

Let X' = (C,Q,ff) and X' = (C,Q',ff) be two pointed Riemann surface with formal neighbour- 
hoods such that c(X) = C = c(X'). Let S be such that S(Q) = Q' . Let h be the formal change of 
coordinates from S(ff) to if . Then as discussed above we have the isomorphism 

(34) G[h]S:Vl(X)^Vl Cx) (X') 

to identify the two spaces of vacua with. 

Definition 4.5. Let C = (C, Q, W) be a saturated marked Riemann surface. Let A be a labeling of 
C using the set Pi. The space of vacua associated to the labeled marked curve (C, A) is by definition 

V 1( C )= II V|(£)/~, 

c(£,X)=(C,A) ' 

where the disjoint union is over all labeled curves with formal neighbourhoods with (C, A) as the 
underlying labeled marked curve, A is compatible with the labeling A and ~ is the equivalence 
relation generated by the preferred isomorphisms (|34p . 

That the relation ~ is an equivalence relation follows from (1) and (2) in Theorem 14.41 Further 
it is clear that 

Proposition 4.2. The natural quotient map from VUX) to V\{C) is an isomorphism for all labeled 
Riemann surfaces with formal neighbourhoods (X, A) with c(X, A) = (C, A). 
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Suppose (Cj, Xi) are labeled marked Riemann surfaces and <£> : (Ci, Ai) — >(C2, A2) is a morphism 
of labeled marked Riemann Surfaces. Let (X2, A) be a labeled pointed Riemann Surface with formal 
neighbourhoods such that c(X2, A2) = (C, A2). Let $*X2 = X\. Then $ is a morphism of labeled 
marked Riemann surfaces with formal neighbourhoods. We obviously have that 

Proposition 4.3. The identity map on Ti.t induces a linear isomorphism from vt(Xi) to vt(X 2 ), 
which induces a well defined linear isomorphism V^(*i>) from v| (Ci) to v\ 2 (C2). Compositions of 
morphisms of labeled marked Riemann Surfaces go to compositions of the induced linear isomor- 
phisms. 

Let (C, A) be a labeled marked Riemann surface which might not be saturated. 
Consider all saturated labeled marked Riemann surfaces (C',A') obtained from (C,A) by adding 
points labeled with the trivial label E Pi. 

Definition 4.6. The space of vacua associated to the labeled marked Riemann surface (C, A) is by 
definition 

vl(c)= I] v!,(C)/ ~, 

(C',A') / 

where the disjoint union is over all labeled marked Riemann surfaces (C, A') discussed above and ~ 
is the equivalence relation generated by the propagation of vacua isomorphisms given in Theorem l4.3[ 
the permutations of the order of the marked points and the change of formal coordinate isomorphisms 
given in Theorem 14.51 

By Theorem l4.4[ Proposition ^. H and 2, this ~ is also an equivalence relation. We also remark that 
if we apply definition 14.61 to a labeled marked Riemann surface (C, A) which is already saturated, 
then we obtain a space of vacua which is naturally isomorphic to the space of vacua definition 14.51 
produces. 

5. The bundle of vacua over Teichmuller space 

5.1. Definition of the sheaf of vacua. Let ^ = • C — ► B; Si, . . . , sn', t]i> ■ ■ ■ > Vn) be a family of 
pointed saturated Riemann Surfaces of genus g with formal neighbourhoods. 
The sheaf 5jv(S) of affine Lie algebra over B is the sheaf of Og-module 

N 

qn(b) = ® c (0 Os(fe))) e o B ■ c 

with the following commutation relation, which is Og-bilinear. 
[(Xi <g> f u . . . ,X N ® /at), (Yi ®gi,...,Y N ® g N )} 

N 

= ([Xx, Fx] ® . . . , [X N , Y N ] ® (f N g N )) 8 c • A' ,. ; \l <.■>'■ < /,<([, i 
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where Xj, Yj € g, /j, <?j € and we require c to be central. Put 

W) =0®c 7T*(0c(*S)) 

where we define 

AT 

s = ]>>,(#) 

7r*(0 c (*5'))= : ^7r*(O c (fc5)). 
ft 

Laurent expansion using the formal neighbourhoods r\j 's gives an inclusion: 

N 

t:7r.(0 B (*£))->00 fl ((&)) 
i=i 

and we may regard 9(5) as a Lie subalgebra of 0jv(B). For any A = (Ai, . . . , Ajv) € (Pe) N , put 

H X (B) = Ob ® c W x , 

ftj.(B) =Hom OB (W x (B),0 B ) = O b ® c H\. 
The pairing (|28j) induces an Og-bilinear pairing 
(35) ( I ) : H\ (B) x W X (B) -> O b . 

The sheaf of affine Lie algebra Qn(B) acts on H X (B) and W~(B) by 

((^ ® 2 a « A,) ^))( F ® 1*)) 

riGZ n£Z 

JV 

=EE( fl i 3)f )®ftft-w)i*> 

.7=1 n£Z 

The action of 0at(B) on 7it(B) is the dual action of H X (B), that is, 

(*a|$) = (*|a$) for any a e Qn- 

Definition 5.1. For the family $ of pointed Riemann surfaces with formal neighbourhoods, we 
define the sheaves of ©^-modules on B 

V x (d)=H x (B)/Q(d)H x (B) 
V|(^) = Hom OB (V x (B),0 8 ). 

These are the sheaf of covacua and the sheaf of vacua attached to the family 
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Note that we have 

V{(5) = { (*| G H\m | (*|o = for any a e 5(3) }■ 

The pairing II35|) ) induces an Oe-bilincar pairing 

< I ) : Vi(3) x V X ($) - O b . 

By Theorem 4.1.6 in [H5] and Corollary 4.2.4 in fTS] we have the following highly non-trivial 
theorem. Note that the theorem is true even for a family of nodal curves (see Theorem ll4.1j) . 

Theorem 5.1. The sheaves Vl(#) and Vj(S') are locally free sheaves of Ob -modules of finite rank 
over B. They are dual to each other. 

Hence vl(ff) is a holomorphic vector bundles over B. 

5.2. Properties of the sheaf of vacua. To construct the bundle of vacua over Teichmuller space, 
we further need the following obvious property of the sheaf of vacua construction. 

Lemma 5.1. Let be two families of saturated pointed Riemann surfaces with formal neighbour- 
hoods over the same base B. Let $ : Ai) — ►(S^j A2) be an isomorphism of labeled families, 
which induces the identity map on the base. Then the identity map on H.t(B) induces a canonical 
isomorphism 

(36) Vt(*):Vl ($1) -Vj (&). 

Suppose that we have two families of pointed Riemann surfaces with formal neighbourhoods 3^, 
i = 1,2 on a pointed saturated and stable surface (E, P), with the property that they have the same 
image ^^ 1 (Bi) = ^^(Z^) in Teichmuller space T(s,p) an d that #2 is a good family. For such a pair 
of families there exists by Proposition 13.21 a unique fiber preserving biholomorphism $12 : C\ — > C2 
covering ^^Si sucn tnat *g 2 1$ i2^5i : (Y, P) —>(Y, P) is isotopic to 4 r y 1 * ffl x Id through such 
fiber preserving maps inducing the identity on the first order neighbourhood of P. 

We note that ($12 (^2 ))^ = {Sffi)^\ where S is some permutation of {1, . . . ,N}, i.e. $12(772) 
induce the same first order formal neighbourhoods as Sffi does. Let h be the formal change of 
coordinates from Sffi to (^2 ) ■ Let 3i = $12 ($2)- Then $12 induces an isomorphism of families 
from #1 to j 2 1 \I'5 1 )* (^2) ■ Choose labelings Ai of #1 and A2 of #2, which are compatible under the 
above isomorphism. 

Proposition 5.1. The action of S on Tt- {B\) induces an isomorphism from V~ to Vt (S$i), 

Ai ' Ai A2 

where S acts on the family $1 by permuting the numbering of the formal neighbourhoods and the sec- 
tions. Furthermore G[h] : Tit (Bi) — > Tit (B\) induces an isomorphism from v\ (S'S'i) to Vt CSi). 

A2 A2 '' A2 A2 

The natural pull back isomorphisms provided by Lemma J^.1.3 in [19j and the families isomorphism 
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Ii36\) provided by Lemma I5.il induces an isomorphism from vt CSi) to ( i &<z li &x 1 )*Vt C&2)- The 
composite of these three isomorphism gives the transformation isomorphism 

(37) Gia : Vl^^z^yvl^). 

The isomorphisms satisfies the cocycle condition 

Gi 2 (^ 2 1 * Sl )*G 23 = G 13 . 

Proof. The cocycle condition follows, since G12 is induced from the permutation S and the isomor- 
phism G[h] on the H-level, combined with formula (2) of Theorem 3.2.4 in 19J . 

□ 

Let 5 = (tt : C — ► B; Si, . . . , sat; 771, . . . , r/^) be a family of pointed Riemann surfaces with for- 
mal neighbourhoods. Let sn+i be a further section of 7r disjoint from the Sj and 77./V+1 a formal 
neighbourhood along sn+i and set $ = (% : C — ► 0; Si, . . . , sjv+i; 171, ... , f?iv+i) 

Theorem 5.2. TTie inclusion 

H X (B) — ► H X (B)®H (B) 
\v) — ► |u) ® |0) 
induces the propagation of vacua isomorphism 

5.3. The definition of the bundle of vacua over Teichmuller space. Let E be a closed oriented 
smooth surface and let P be a finite set of marked points on E. Let A be a labeling of (E, P) and 
assume (E, P) is stable and saturated. We now define a holomorphic vector bundle Vt = Vt(E,P) 
over Teichmuller space Tcs,p) using the cover {^^(B)}, where # runs over the good families of 
complex structures on (E,P). 

Definition 5.2. A holomorphic vector bundle = V|(E,P) over Teichmuller space T(e,p) is 
specify to be the bundle (^^ 1 )*vl( : J) over ^^(B) for any good families of complex structures on 
(E, P). On overlaps of the image of two good families, we use the glueing isomorphism (|37p to glue 
the corresponding bundles together. 

Proposition 15.11 implies that Vj(E, P) is a vector bundle over Trs,p) with the following property. 

Proposition 5.2. For any stable and saturated family $ of pointed curves with formal neighbour- 
hoods on (E, P) we have a preferred isomorphism 

T t :V|(S)->*!Vt(E,P) 

induced by the transformation isomorphism between and vt^), for good families $ of complex 

structures on (E,P) such that ty$(B) intersect ty~(B') nonempty. 
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Let (£, P, A) be a general labeled pointed surface, i.e. (£, P) might not be stable nor saturated. Let 
(£, Pj, Ai), i — 1, 2 be any labeled marked surfaces obtained from (£, P, A) by labeling further points 
by € P». Assume that (£, Pi) are stable and saturated pointed surfaces. Let P = Pi U P2 and A 
be the induced labeling of P. Note that (E, P) is also stable and saturated. 

We get holomorphic projection maps %i : Tcs p) — > 7(2^). As a direct consequence of Proposition 
14.11 we get the following. 

Proposition 5.3. Iterations of the propagation of vacua isomorphism given in Theorem \5.2\ induces 
natural isomorphisms of bundles 

Vl(E,P) S Trf^E.Pi) S vr*vl 2 (E,P 2 ), 

which satisfies associativity. 

Suppose now / : (£1, Pi) — ^(£2, P2) is a morphism of stable and saturated pointed surfaces. Then 
of course / induces a morphism /* from Tcs x , Pi) ^°T(J^2,Pi)- Let Ai be a labeling of (£1, Pi) and let A2 
be the induced labeling on (E 2 , P2) such that / : (£1, Pi, Ai) — ^(£2, P2, A2) is a morphism of labeled 
pointed surfaces. Let now #1 be a good family of stable pointed curves with formal neighbourhoods 
of (Ei, Pi). Then by composing with f^ 1 x Id we get a good family #2 of stable pointed curves 
with formal neighbourhoods on (£2, P 2 ) over the same base B\. The identity morphism on H.t(Bi) 
then induces a morphism V^(/) : Vl(S'i) — > Vt( ! &2) which covers the identity on the base. This is 
precisely the morphism induced from the morphism of families $y = / x Id : $1 — » $2 by Lemma 
O This intern then induces a morphism VUf) : f*- 1 )*^ ->(*^ 1 )*(Vl C$ 2 )) which covers 

Proposition 5.4. The above construction provides a well defined lift of f* : T(s 2 ,p 2 ) —*Tcex,Pi.) to 
a morphism V^(f) : (Ei, Pi) — > V\ (£2, P2) which behaves well under compositions. 

Proof. Let /' be a diffeomorphism whose first order neighbourhood from Pi to P2 is the same as 
/'s and such that /' is isotopic to / among such. Let ^2' be obtained from by composing with 
{f')- 1 x Id. Then 

* = **x ° (((/T 1 /) x Id ) : Ci ^ Ci 

is the unique biholomorphism from Proposition 13. 21 Hence we get a commutative diagram 

(^ro^si)) (% 2 )*o4 2 (3 2 )) 

which shows that V f (/) : Vt (£i,Pi)->Vt (E 2 ,P 2 ) is well defined. It is obvious that VUfg) = 

Ai A2 

Vt(/)Vt($). 



GEOMETRIC CONSTRUCTION OF MODULAR FUNCTORS 



29 



□ 

Assume that (Ei, Pj,Aj) are labeled pointed surfaces, which need not be neither stable nor 
saturated. Let / : (Si, Pi, Ai) — ^(£2, P2, A2) be an orientation preserving diffcomorphism of labeled 
pointed surfaces. Let (£j,P/, A-) be labeled pointed surfaces obtained from (Ej,Pj,Aj) by labeling 
further points by £ Pe such that (£j, P/, A^) are stable and saturated labeled pointed surfaces such 
that / : (Ei, P[, X[) — >(£2, P 2 , A 2 ) is a morphism of labeled pointed surfaces. We obviously have the 
following result. 

Proposition 5.5. The lift of f* : T{t. ± ,p[) ^T ( s 2 ,p^) to a morphism V 1 '(/) : V\, (Ei, P x ') -> V{, (E 2 , P2) 
as given by Theorem \5.4\ is compatible with the isomorphisms given in Proposition \5.!A 

6. The connection in the bundle of vacua over Teichmuller space 

6.1. Twisted first order differential operators acting on the sheaf of vacua. Let $ — (tt : 

C — > B; Si, . . . , sn] 771, . . . , tjn) is a family of saturated pointed Ricmann surfaces of genus g with 
formal neighbourhoods. We will assume that £ (0) = (tt : C -> B;si,... , sjv) be a versa/ family of 
pointed stable curves of genus g in the sense of definition 1.2.2. in [T5]. We consider the divisors 

N 

S j = s j (B), S = J2Sj. 

3=1 

There is an exact sequence 

e c/B e c ^ n*e B -> o 

where Sc/z3 is a sheaf of vector fields tangent to the fibres of tt. Put 

Hence, Q' c w is a sheaf of vector field on C whose vertical components are constant along the fibers 
of tt. That is, in a neighbourhood of a point of a fiber 0^ ff consists of germs of holomorphic vector 
fields of the form 

z— 1 

where (z, iti, . . . , u n ) is a system of local coordinates such that the mapping tt is expressed as the 
projection 

7r(z,Ui, ...,U n ) = (itl, . . .,%). 

More generally, we can define a sheaf 9^.(mS') 7r as the one consisting of germs of meromorphic 
vector fields of the form 

A(,,«)| +£>(«)£ 

i— 1 

where A(z, u) has the poles of order at most m along 5. 
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We have an exact sequence 

- e c/B (mS) -> Q' c (mS) v ^ tt^Gb -» 0. 

Note that Q' c {mS)^ has the structure of a sheaf of Lie algebras by the usual bracket operation on 
vector fields and the above exact sequence is one of sheaves of Lie algebras. 
For m > ~j^(2g — 2) we have an exact sequence of Og-modules. 

— > 7r»8 c /g (mS 1 ) — > 7r*0c(mS),r ^5 Og — > 

which is also an exact sequence of sheaves of Lie algebras. Taking m — > oo we obtain the exact 
sequence 

o -► 7r»e c/e (*5) -> vr»e^(*5) w ^ e B -> o. 

Recall that we have the following exact sequence of Og-modules. 

N m , 

o -> e c/B (-s)) - e c/B (mS)) -> 00 o B ?7 fc - - o 

i=i fc=0 ^ 

Which for any positive integer m > 4g — 3 gives the following exact sequence 

N m , 

o - 7r*(e c/B (mS)) ^ 00o B ^_ - #Ve c/B (-s) - o 

j=l fe=0 ^ J 

From which we deduce the following exact sequence of Og-modules 

N , 

- 7r.(e c/B (*S)) ^^Ob^J 1 ]— ^ R 1 -k*Q c/b {-S) -> 0. 

3=1 ^ 

Note that the mappings 6 and 6 m correspond to the Laurent expansions with respect to £j up to 
zero-th order. 

By the Kodaira-Spencer theory (see [19] for details) we have the following commutative diagram. 
0^ 7r»e c/B (*S) -» 7r*e^(*5)^. ^ 6g -»0 

II I p I p 

where p is the Kodaira-Spencer mapping of the family $(°> and p is given by taking the non-positive 
part of the — — part of the Laurent expansions of the vector fields in 7r*0c(mS') w at Sj(B) . Since our 
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family $(°> is versal, it follows from Proposition 1.2.6. in [TH], that the Kodaira-Spencer mapping p 
is an isomorphism of Og-modules. Therefore, p is an isomorphism. Put 

N 



i=i 



Then, we have the following exact sequence 

(38) -> 7r»e c/B (*5) -f £(#) -t e B 

of Og-modules. The Lie bracket [ , ]^ on £(5') is determined by requiring p to be a Lie algebra 
isomorphism. Thus, for £, rh G £(39 we have 

(39) [I, m] d = [1, m] + e{i){m) ~ 6{m){£) 

where [ , ]o is the usual bracket of formal vector fields and the action of 6(£) on 

, d d . 

oti d&v 

is defined by 

0$(m) = (0$( mi )rf . . . , 6{jt){m N )-£-). 

«?i o?jv 

Then, the exact sequence ([551) is an exact sequence of sheaves of Lie algebras. 
For I = . . . , Z^y) e £($)) the action D(^) on TL^(B) is defined by 

D(l)(F ® |$)) = 00(F) <g) |$) - F- EPiTO)|*> 

where 

F g O b , |$) G H x . 

We have the following propositions. 

Proposition 6.1 ([19, Proposition 4.2.2]). The action D(£) of £ £ £(5) on Ti.^(B) defined above 
has the following properties. 

1) For any f G Og we have 

D(f£) = fD{£). 

2) For £, fh £ £(5) we have 

c A (dH \ 
[D(f),D(m)] = D([£,m] d ) + ^Egf s (^'"•<<J ' **• 

3) For and \4>) G W^(6) we /law 

£>(^(/|0}) = (^(/))|^)+/D(/)|0). 
Namely, D(£) is a first order differential operator, if 9(£) ^ 0. 
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We define the dual action of £(3) on TiX(B) by 

N 

D(£)(F ® (*|) = (9(£)F) ® <*| ■ (*|PiC*W 

i=i 

where 

F G B , (*| G U\{B). 
Then, for any |$) G H X (B) and ($| G HUB), we have 

Proposition 6.2 ([19, Proposition 4.2.3]). For any £ G £(30 we /icrae 

£>(i)(fl(S)W x (B))Cfl(30W x (B). 

Hence, D(£) operates on V?(3)- Moreover, it is a first order differential operator, if 9(£) =/= 0. 

Proposition 6.3 ([19, Proposition 4.2.8]). For eac/i element £ £ £(3), -D(^) fl c£s on V|(3)- More- 
over, if 9(1) ^ 0, f/iera £>(£) acfo on vl(3) as a /irsf order differential operator. 

Note that for the natural bilinear pairing ( | ) : vt(3) x V^(3) — * Ob, we have the equality 

{D(i){*\}\$) + (*i{^(f)i$>} = d{£)mm 

6.2. The projectively flat connections on the on the bundle of vacua. Let E be a closed 
oriented smooth surface and let P be a finite set of marked points on E. Assume that (£, P) is 
stable and saturated pointed surface. 

Let 3 = (n : C —> B; s; if) be a, family of pointed Riemann Surfaces with formal neighbourhoods on 
(E, P). Recall the discussion of symmetric bidifferentials from section 1.4 in JTHj. We now introduce 
the notion of a normalized symmetric bidifferential. 

Definition 6.1. A symmetric bidifferential to G H°(C xg C, wc Xb c/b(2A)) with 

1 



+- holomorphic dxdy 

\x-vY J 

in a neighbourhood of the diagonal of C x g C is called a normalized symmetric bidifferential for the 
family 3- 

For a Riemann surface R we let (a, (3) = (a\, . . . , a g , . . . , /? 9 ) be a symplectic basis of H\(R, Z). 
We can find a basis {wi, . . . , w g } of holomorphic one forms of R with 



(40) / w^Stj, l<i,j<g. 

J to 

The matrix 

(41) r=(n j ), T ir - 
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is then called the period matrix of the Riemann surface R. The complex torus 

J(R) = C/{r,I g ) 

is called a Jacobian variety. If we chose a point P on R we can define a holomorphic mapping 

j:R -» J(R) 



Q 



Q 



If a family of pointed Riemann surfaces is given, we can construct a family of Jacobian varieties and 
a family of holomorphic mappings. 

We have the following lemma as a consequence of the construction in Section 1.4 in [15] . 

Lemma 6.1. For any family of pointed Riemann surfaces with formal neighbourhoods $ on (S,P) 
and any symplectic basis (a,/3) — (a±, . . . ,a g ,/3i, . . . ,/3 g ) of Hi(T,,Z), there is a unique normalized 
symmetric bidifferential u> € H°(C xg C, cj CxeC /g(2A)) determined by formula 



(42) 



ui(x, y)dxdy 



d 2 log E(x,y) 
dxdy 



dxdy 



where E(x,y)(\/dx) l (y/dy) 1 is the prime form associated to the symplectic basis (a, (3) for each 
Riemann surface. 

For a prime form see Chapter II of [5J . Please do note that a and (3 play the reverse roles in [T5J , 
but the same as in [5]. 

Note that a prime form of a Riemann surface R (hence, also a normalized symmetric bidifferential) 
is uniquely determined by a symplectic basis (a, [3) of i?i(i?, Z) . If (a, (3) — (Si, . . . , S s , /3±, . . . , (3 g ) 
is another symplectic basis , there exists a symplectic matrix 



such that 



(43) 



A = 



( Si \ 



a g 



C D 



eSp(g,Z) 
( *x \ 



A B 
C D 



Also for any element A € Sp(g,'Z), by |4"3"|) we can define a new symplectic basis A(S, (3) — 
(Si, . . . ,S g ,/?i, . . . ,(3 g ). Then the normalized symmetric bidifferential ui{x,y)dxdy associated to the 
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symplectic basis A(a, /3) and the normalized symmetric bidifferential uj(x,y)dxdy have a relation: 

(44) S(a;, y)dxdy — lu(x, y)dxdy 

1 > d 

~2 Yl { v i( x ) v j(y) + v i( x ) v i(y)} q^T log det (C*r + D) 

i<j lJ 

where {uji = v\(x)dx, . . . ,u> g = v g (x)dx} is a basis of holomorphic one-forms on the Riemann surface 
R which satisfies (|4"U|). is defined by (141|) and 

For details see [9], Chapter II. 

Let w be a normalized symmetric bidifferential for 5- In the formal neighbourhood r\j we define 
the quadratic differential (projective connection) 



(45) S^dtf = 6 lim wfo.O 



dnd£ 



We define 



as an Og-module homomorphism by 



JV 

c, 



r^ . . T /j— u 



for alHe£(#). 



Definition 6.2. For each b £ B and each element X £ (0b)&, there is an element I £ £(3% with 
9(1) = X. Define an operator V£ acting on vi(S^)& from the left by 

Theorem 6.1. is a well-defined holomorphic connection in vt{$). 

In [TH] we introduced the holomorphic connection on V^(S)b and our connection is its dual 
connection (see Proposition 5.1.4 in 19J ) . 

Definition 6.3. We define a connection in the vector bundle "^1(30 over B by letting its (1,0)- 
part be given by the holomorphic connection just defined and its (0, l)-part be given by the 
(9-operator determined by the holomorphic structure on vl($). We also denote this connection V' w '. 
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Theorem 6.2. The curvature of the connection V'"' is given by 

R*(X,Y) = \ -a u (n)+X{ auJ (m)) - Y(a u (T)) - Res j — yf I } M 



where £ and m are liftings of X and Y to i.e. 9{€) = X and 9{rh) = Y, and n — [l,rfi]d (see 

(|39|) ). Hence we see that the connection is projectively flat and the curvature is of type (2,0). 

Proof. It follows from the definition of the connection in the above definition that the (1,1) and 
(0, 2)-part of the curvature vanishes. 

□ 

6.3. The definition of the connection in the bundle of vacua over Teichmuller space. 

Suppose we have two good families fo, i = 1, 2 of pointed Riemann Surfaces with for mal neighbour- 
hoods, with the property that they have the same image ^^(Si) = ty$ 2 (B2) in Teichmuller space 

Lemma 6.2. Let V| be the connection in V|(3i). Then we have that 

Gi2(V^) = vi w) . 

Proof. Since the connection is descended from the H-level and G12 is also descended from this level, 
we just need to check the transformation rule on this level. Up on the H-level it follows straight 
from Theorem H3] (3). 

□ 

Theorem 6.3. Let (E, P, A) be a closed oriented stable and saturated marked surface and let (a, (3) = 
(011, ■ ■ ■ , OL g , Pi, . . . ,(3 g ) be a symplectic basis of Hi(E, Z). There is a unique connection V^ Q,/3 ^ = 
V( 5 ^(E,P) in the bundle Vj[(S,P) over T(s t p ) with the property that for any good family $ of stable 
pointed Riemann surfaces with formal neighbourhoods on (£, P) we have that 



In particular the connection is holomorphic and projectively flat with (2, 0) -curvature as described in 

A B 
C D 



Theorem 1 6. SX If we act on the symplectic basis (a, j3) by an element A = [ ] G Sp(g,Z) by 



43l). then we have 



(46) v A(5 '^ - V (5/J) = -— IT(dlogdet(CT + £>)), 

where II is the period mapping of holomorphic one-forms form the base space of$ to the Siegel upper- 
half plane of degree g. If f : (Xj, Pi, Ai) — *(X2, P2, Ai) is an orientation preserving diffeomorphism 
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of labeled pointed surfaces which maps the symplectic basis (a^\ (3^) o/-ffi(Ei,Z) to the symplectic 
basis (a( 2 \/3( 2 )) of i?i(E2,Z) then we have that 

vt(/)*(v( 5(2) ^ <2) )) = v( 5(1) ^ (1) ). 

Proof. The existence of the connection is a consequence of Lemma l6.2l The transformation law (|46p 
is proved in section 5.2 in [15] . 

□ 

Proposition 6.4. For any stable and saturated family $ of pointed Riemann surfaces with formal 
neighbourhoods on (£, P) the preferred isomorphism 

T t :Vj(5)-f*|Vj[(E,P) 

given in Provosition \5.3\ "preserves connections. 

This follows directly from Lemma T6. 21 

□ 

Proposition 6.5. The M^-action on Tce,p) ^ s &J/ ^ e use °f the connection V^"'^ to an action 

preserves the connection \J\ a ^> . 

Proof. Since the action on the formal coordinates is just obtained by scaling the coordinates by 
positive scalars, we get a well defined homomorphism from to the group of formal coordinates 
changes for any family of TV-pointed Riemann surfaces with formal coordinates, hence by composing 
with the group homomorphism G we get an action of on Vt(E, P). Note that we have here used 
Theorem 3.2.4. (2) for p — in [TI5], but only for these special real coordinates changes. This action 
preserved the connection by Theorem 3.2.4. (3) in [19] . 

□ 

Let now Ej, i = 1, 2 be marked surface and let fj : (Ei, Pi) — >(£2, Pa), j — 1, 2 be diffeomorphisms 
of pointed surfaces, which induce the same morphism of marked surfaces from Si to E2. Then there 
exists a unique v G such that v ■ dp 1 f\ = dp 2 /2- 

Lemma 6.3. We have a commutative diagram 

=1 K w 
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Proof. By the construction of Vj.(Ei,Pj) we just need to check the commutativity on the H- level, 
where this just amounts to G being a homomorphism, which again is the content of Theorem 3.2.4. 
(2) in M- 

□ 

Let (E, P, A) be a general labeled pointed surface which might not be stable or saturated. Let 
now (P, A) be obtained from (P, A) by labeling further points not in P by € Pi such that (E, P, A) 
is a stable and saturated labeled pointed surface. Let tt : P ) — >7(£,f) be the natural projection 
map. 

Proposition 6.6. The connection V^"'' 3 ^ = V^ a '^(S, P) is flat with trivial holonomy when re- 
stricted to any of the fibers of n : pj — > 7(s,p) • 

Proof. The propagation of vacua isomorphism applied along the fibers of tt is compatible with the 
connection. In the notation of chapter 5 of [H] this is seen by the following calculation. Let N = |P|. 
Let 5 be a family of TV-pointed curves with formal neighbourhoods on (E, P) such that *&$(B) is 
contained in a fiber of n. Further we can assume that when we consider 5" over (E, P), then it is 
simply a product family of a fixed iV-pointed curve with formal neighbourhoods crossed with the 
base 0, i.e. we only vary the coordinates and the points in P — P. Then for any tangent field X on 
B, we choose a corresponding t = (li, . . . , In, £n+i 7 • ■ ■ , Zfj) "= £(30j sucn that £j = 0, j = 1, . . . , N 
and ij E C [[£]], j = N + 1,...,N. Then for a section of H~ X {B) of the form F <g) |$) |0) . . . ® |0) 
we compute that 

V^ } (P|$)(g)|0)«)...(g)|0)) = X(F)|*)®|0)®...®|0) 

-P Yl «TOD(|*)(8)|0)®...®|0)) 

-a w (A)P|$)® |0)®...® |0) 

= X(F)|*»®|0)®...®|0). 

Here we have used that ft(P[^j])(|0)) = because lj e C[[^]] and a^(A) = for the same reason. 
Hence we see that is the trivial connection in Ti^(B). Hence the connection is flat with trivial 
holonomy on the subbundle Vj-GJ) C WAB). 

□ 

Let (E, P, A) be a general labeled pointed surface, i.e. (E, P) might not be stable nor saturated. Let 
(E, P',A') and (E, P",A") be labeled marked surfaces obtained from (E, P, A) by labeling further 
points not in P by £ Pf. Assume that (E,P') and (E,P") are stable and saturated pointed sur- 
faces. Let P = P' U P" and A be the induced labeling of P. Note that (S, P) is also stable and 
saturated. 
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Proposition 6.7. Let (a, (3) be a symplectic basis o/7?i(S,Z). The isomorphisms given in Theorem 
\5.SH satisfies 

V (5 '^(X,P) = (7r / )*V (s '^(E,P / ) = (7r")*V (s '^(E,P")- 

Proof. We only have to consider the case of adding one point to a stable and saturated curve, i.e. 
say P = P' and P' is obtained from P" by adding one more point. Let N be the number of points 
in P and $ be a family of iV-pointed curves with formal neighbourhoods on (£, P). For any tangent 
field X on B, we choose a corresponding I — {t\, . . . , € £(3), such that ^+1 e C [[£]]. 

Then the same computation as above shows that 

V (w) (F|$) ® |0» = V (w) (^l*)) <8> |0). 
The Proposition follows directly from this. 

□ 

Let now (£j,P/, A^) and (£j,P",A") be stable and saturated labeled pointed surfaces, obtained 
from the labeled pointed surfaces (E^, Pj, Aj), by labeling further points with the zero-label. Assume 
that /' : (Ei,P{,Ai)-^(E 2 ,P^A^) and /" : (Ei, P{', X'{) ->(E 2) P 2 ", A 2 ') are diffeomorphisms which 
induce isotopic maps from (Ei,Pi) to (X 2 ,P 2 ), where the isotopy is through maps which induces 
the same map from PTp^i to PTp 2 Y>2- 

Proposition 6.8. With respect to the propagation of vacua isomorphisms, we get that 

(7r')*Vt(/') = (7r")*Vt(/"). 
This follows directly from the way the morphisms for /' and /" are defined. 

7. Definition of the space of abelian vacua associated to a Riemann surface. 
7.1. Fermion Fock space. Let Z/j be the set of all half integers. Namely 

Z h = {n + l/2|neZ}. 

Let be an infinite-dimensional vector space over C with a filtration {F m W' { } m ez which satisfies 
the following conditions. 

(1) The filtration {F m W ] } is decreasing; 

(2) U meZ F m W = Wt, n meZ F m W = {0}; 

(3) dime F m W j! /F m+1 = 1; 

(4) The vector space is complete with respect to the uniform topology such that {P m W^} 
is a basis of open neighbourhoods of 0. 
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We introduce a basis {e v } v ^z h of W* 1 in such a way that 

e m+l/2 g ^niyyt \ ^m+iyyt^ 

Then, each element u e can uniquely be expressed in the form 

oo 

u = a u e v 
for some no and with respect to this basis the filtration is given by 



oo 

U = 

i/>m,i/£Z|, 



J2 a ^ v 



We fix the basis {e l/ } ue z h throughout the present paper. 

Let C((£)) be a field of formal Laurent series over the complex number field. Then the basis gives 
us a filtration preserving linear isomorphism 

c((0) = w f 

£™ „ e «+i/2_ 

By mapping to e" +1 / 2 we of course also get a filtration preserving linear isomorphism between 
C((f))d£ and Wt. 

We let {e„}i/gz h be the dual basis of {e"}„ e z h - Then, put 

W = Ce v 

Then W is the topological dual of the vector space WL There is a natural pairing ( | ) : W 1 * xW^ 
C defined by 

(e v K) = s;. 

In other word we have 

(u\v) — v(u). 

Let us introduce the semi-infinite exterior product of the vector spaces W and W^. For that 
purpose we first introduce the notion of a Maya diagram. 

Definition 7.1. A Maya diagram M of the charge p, p € Z is a set 

M = {ti(p - 1/2), /i(p - 3/2), - 5/2), • • ■} , 
where /i is an increasing function 

\i : Z h<p = {veZ h \v<p}^Z h 
such that there exists an integer n such that 

u{v) = V 
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for all v < no. 

The function /i is called the characteristic function of the Maya diagram M. The set of Maya 
diagrams of charge p is written as A4 p . 

For a Maya diagram M we have ll(v) = v for almost all v. Therefore the set 

{fi(u) -v\v^Z h , n{v) - v > 0} 

is finite and the number 

d(M) = (M") ") 

is finite. The number d(M) is also written as d(fi) and it is called the degree of the Maya diagram M 
with characteristic function \x. The finite set of Maya diagrams of degree d and change p is denoted 
Mp. Clearly M p = ]\ d M d p . 

For a Maya diagram M of charge p we define two semi-infinite products 

\ M ) = e M (p_i/ 2 ) A e AI (p_ 3 /2) A e A ,( p _ 5 /2) A ■ ■ ■ 
(M| = ■ • • A e "(p-s/2) A e f(p-3/2) A e MP-V2) 

Formally, these semi-infinite products is just another notation for the corresponding Maya diagram. 
This notation is particular convenient for the following discussion. However, by using the basis e„, 
we clear indicate the relation to the vector spaces W and W^. 
For any integer p put 

\p) = e p _ 1/2 A e p _ 3 / 2 A e p _ 5 /2 A • • • 
(p| = •■•Ae^Ae^Ae"- 1 / 2 

Now the fermion Fock space (p) of charge p and the dual fermion Fock space T{p) of charge p 
are defined by 

Hp) = C|M) 

MeM p 

t\p) = n c ( m i 

MeM p 

We observe that 

^(P) = ©-^(P). 

d>0 

where 

^(p)= C|M). 

MeMp 

The dual pairing 

(■!■): ^(p)x^(p)->C 
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is given by 

(M\N)=S m ,n, M,N <e M p 

Put also 

pGZ 
pGZ 

The vector space is called the fermion Fock space and J 7 is called the dual fermion Fock space. 
These are the semi-infinite exterior products of the vector spaces and W respectively, which we 
shall be interested in. We only define the fermion Fock space by using the basis e„, since we are 
fixing this basis throughout. 

The above pairing can be extended to the one on x T by assuming that the paring is zero on 
T\p) xT(p') itp^p'- 

Let us introduce the fermion operators ip v and f/v for all half integers v <G Z/j which act on T 
from the left and on from the right. 

(47) Left action on T ip v = i(e v ), i\) v = e_„ A 

(48) Right action on ip„ = Ae", ^ = i{e~ v ) 

where i(-) is the interior product. For example we have 

■0-3/2|O) = i(e_ 3 / 2 )e_ 1/2 Ae_ 3/2 A •• • = -e_i /2 Ae_ 5/2 A e_ 7/2 A • •• , 
(0|^ 5/2 = ■••Ae- 5 / 2 Ae- 3 / 2 Ae- 1 / 2 i( e - 5 /2) = ... Ae -7/2 Ae -3/2 Ae -i/2 

Note that ip v maps T{p) to T(p — 1), hence decreases the charge by one, and ip v maps T(p) to 
J r (p + 1), hence increase the charge by one. Similarly the right action of tj} v maps F^{p) to JF^(p+ 1) 
and ipv maps ^(p) to !F'(p — 1). It is easy to show that for any (u\ G T and \v) G we have 

= (uip„\v), {u\il> v v) = {uip v \v). 

The fermion operators have the following anti-commutation relations as operators on T and . 



(49) 




= o, 


(50) 




= o, 


(51) 






where we define 








[AS] + = 


AB + BA. 



Note that for each Maya diagram M of charge p we can find non-negative half integers 
[l\ < [12 < ■ ■ ■ < Mr < 0, V\ < V2 < ■ ■ ■ < v s < 0, r > 0, s > 
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with r — s = p and /Xj ^ Uj such that 

(52) |M) = (-l) E? = l!/i+s/2 ? Ml ^ 2 ' V>*.-, ' ••^JO). 

The negative half integers /i^'s and z/j's are uniquely determined by the Maya diagram M. 
The normal ordering [ [ of the fermion operators are defined as follows. 



: A v Bp : = 



-B^Ay if \i < and v > 0, 



A^B^ otherwise, 



where A and B is ip or ifi. By (JS]), ([50]) and (|5"Tj) the normal ordering is non-trivial if and only if 
/i < and A v = 5-^. 

The field operators V ; ( z ) an d ip{z) are defined by 



(53) i>{z) = 

(54) $(z) = Y,% 



The current operator J(z) is defined by 

(55) J(z) = -Mz)^(z) ; - ^ J n z- n - x 

neZ 

Note that thanks to the normal ordering, the operator J„ can operate on J- and even though 
J n is an infinite sum of operators. 

The energy-momentum tensor T(z) is defined by 

nGZ 



(56) t(^)= :™^oo: = 



Again due to the normal ordering, the coefficients L n operates on T and . The set {L n } ne z forms 
the Virasoro algebra with central charge c — — 2. 

The field operators ip(z) and tp(z), the current operator J(z) and the energy-momentum tensor 
T(z) form the so-called spin j = frc-system or ghost system in the physics literature. 

7.2. Abelian Vacua. For a positive integer N put 

Pi,...,PjvSZ 
Pi,...,PjvGZ 

where C3> means the complete tensor product. 
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Definition 7.2. Let X = (C; q\, q%, ■ . . , Qn', £i, £2, • ■ • , £/v) be a saturated pointed Riemann Surface 
with formal neighbourhoods . The abelian vacua (ghost vacua in [2]) V^ b (X) of the spin j = ghost 
system associated to X is a linear subspace of consisting of elements ($| satisfying the following 
conditions: 

(1) For all \v) G JFjv, there exists a meromorphic function / e H°(C, Oc{* SjLi sucn that 
(®\Pj(ip(£j))\v) is the Laurent expansion of / at the point qj with respect to the formal 
coordinate 

(2) For all \v) G J-jy, there exists a meromorphic one-form w € H°(C, ujc{* SjLi such 
that ($|pj(f/'(^))|v)c^j is the Laurent expansion of u at the point with respect to the 
coordinates £j, 

where (A) means that the operator A acts on the j-th component of Tn as 

Pj(A)\ui <g> m 2 <g> • • • <g> ujv) = (-1) Pi+ '" +j>3 - 1 |mi <g> • • • <g> Au 3 <g> ttj +1 <g> ■ ■ ■ <g> Mat). 

We will reformulate the above two conditions into gauge conditions. For that purpose we introduce 
the following notation. 

For a meromorphic one-form w e H°(C, ll>c(* J2f=i Ijj)) we ^ 

oc 
n— — no 

be the Laurent expansion at £j with respect to the coordinate £j. Then, for the field operator 
let us define tp[cuj] by 

00 

tp[uj] = Res(V-(^)wj) = X! a «^"+i/2- 

— U 

n— — no 

Similarly we can define ^[wj]- For a meromorphic function / e H°(C, Oc(* SjLi wc ^ fj(£.j) 
be the Laurent expansion of / at g 3 with respect to the coordinate £j. For the field operator ij){z) 
define i[)[fj] by 

V[/ j ] = Re S (Vfe)/ j feK,) 

s j — u 

Put 



V>M = {ll>[u>l], ■ ■ ■ ,4>[u>n]), V'M = (^M, . . . ,^[wjv]) 

- . . . , ?[/] = W/i], . . . ,?[/iv]). 
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Then, these operate on Tn from the left and on !F^ N from the right. For example, ip[f] operates on 
Tn from the left by 

N 

tp[f]\u! • • • ®u N ) = ^2pj(i>[fj])\ui • • • u N ) 

3 = 1 
N 

= ^(-l)^"'^'- 1 !?/! • • • V>[/j]Uj + 1 • • • Ujv) 

for G ^(Pj) an d operates on J 7 ^ from the right by 

AT 

(WjV0 •••«l|V'[/] = 5Z<^AT O " " " fl|Pj(^'[/j]) 
JV 

= ^(-l^ + '-'+P^ 1 ( WA r (g) • • • (g) • • • Wi| 

for e ^(pj)- 

Theorem 7.1 ([2, Theorem 3.1]). The element ($| G belongs to the space of abelian vacua 
V^ b (X) of the j = ghost system if and only if ($| satisfies the following two conditions. 

(1) ($|'0[cj] = for any meromorphic one 

(2) ($|^[/] = for any meromorphic function f € H°(C, Oc(* JZjLi 

The first (resp. second) condition in the above theorem is called the first (resp. second) gauge 
condition. The first and second gauge conditions can be rewritten in the following form: 

(!) EjLi(- 1 ) Pl+ '" +w ~ 1 ( $ l u i ® •••<£>••• Uj-t ® ip[u)j}uj u j+1 • • • u N ) = for any 

w g EjLi <&)) and h) e ^(Pi), i = i, 2, . . . , n. 

( 2 ) T,f=i(- 1 ) Pl+ '" +Pi ~ 1 (^\ u i ••• Wj-i ?[/jK Uj+i ••• wat) = for any / e 
ff°(C, C (* Ef=i 9,)) and | Uj -) e ^fo), J = 1, 2, ... , N. 
It is easy to show that the abelian vacua V| b (X) is a finite dimensional vector space. More strongly 
we can prove the following theorem. 

Theorem 7.2 ([2, Theorem 3.2]). For any pointed Riemann surface X = (C; Q\, . . . , Qn; £i, . . . £jv) 
wii/i formal neighbourhoods we have 

dim c V a t b (X) = l. 

In the later application we need to consider a disconnected Riemann surface. The following 
proposition is an immediate consequence of the definition. 

Proposition 7.1 ([2, Proposition 3.1]). Let 

Xi = (Ci;qi,...,qM',£i,--- ,£m) 
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and 

■£2 = (C2; Qm+i, ■ • • , <?m;£m+i, ■ • ■ , £jv) 

&e saturated pointed Riemann surfaces with formal neighbourhoods. Let C be the disjoint union 
C\ U C2 of the Riemann surfaces C\, C<i- Put 

% = (C;qi, ■ ■ ■ ,<?jv;£l, ■ ■ • ,£jv)- 

Then we have 

V a t b (X)=V £ [ b (X 1 )®V £ [ b (X 2 ). 

Now we can introduce the dual abelian vacua. 

Definition 7.3. Let JF ab (£) be the subspace of Tn spanned by iP[uj]Tn, w € H°(C, ujc(* ^2f—i Qj)) 
and ^[/]^, / G H°(C, 0{* £f =1 <&))■ Put 

V a b(X) =^Ar/J- ab (X). 

The quotients space V a b(X) is called the space of dual abelian vacua or dual ghost vacua of the j = 
ghost system. 

Since V^ b (X) is finite dimensional, V a b(X) is dual to Vj[ b (X). 

Theorem 7.3 ([2, Theorem 3.2.]). The space of abelian vacua V^ b (X) is isomorphic to the deter- 
minant of the canonical bundle ujc 

Vi b (X) £* det(tf°(Oc)). 

Let X = (C; 51, . . . , qw', £1, . . . , £tv) be an iV-pointcd Riemann surface with formal neighbourhoods. 
Let qN+i be a non-singular point and choose a formal coordinate £at+i of C with center gjv+i- Put 

£ = • ■ • ,qN,qN+i;£i, ■ ■ ■ ,£jv,£iv+i)- 

Then the canonical linear mapping 

1 : Tn — » -T-jv+i 

|u) h-» |u) <g> |0) 

induces the canonical mapping 

.* . fX _,rt 

Theorem 7.4 ([2, Theorem 3.4]). T/ie canonical mapping 1* induces an isomorphism 
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This isomorphism is denoted the "Propagation of abelian vacua" isomorphism. 

Let us consider change of formal neighbourhoods. We use the same notation as in §4.5. For any 
automorphism h G Vn_ we can define the action G[h] on the fermion Fock space T by using the 
energy-momentum tensor (|56[) as in §4.5. 

Proposition 7.2 ([2, Proposition 6.1]). For any hj E T>° + , j — 1, 2, . . . , N and N -pointed curve 

X — (C; Qi, Q 2 , ■ ■ ■ , Q n ', £i, £2, • ■ ■ , £n) 
with formal neighbourhoods, put 

= (C; Qij Q2, ■ ■ ■ , Qn; ^2(62), ■ ■ • , ftivC&v))- 

Then, the isomorphism G[hi\® ■ ■ ■ ®(?[/ijv] 

ft ft 

■rjsi - * -^iv 

(0i®---S^iv| >-> (^iG[/ii]§---®0 w G ! [/ijv]| 
induces the canonical isomorphism 

G[h l ]®---®G[h N ]:Vl h {X)^vl h {X {h) ) 

7.3. The space of abelian vacua associated to a Riemann surface. Let C be a compact 
Riemann surface. For a stable and saturated pointed Riemann surface with formal neighbourhoods 
X we denote by 5(X) the underlying Riemann surface. Suppose we now have two pointed Riemann 
surfaces with formal neighbourhoods Xi such that c(Xi) = £(£2) = C. Choose for each component of 
C a point with a formal neighbourhood, which is not a point with formal neighbourhoods of Xi, i=l,2. 
Let Xq be the resulting stable and saturated pointed Riemann surface with formal neighbourhoods 
(if Xo is not stable, then add further points with formal neighbourhoods). Then iterations of 
the propagation of vacua isomorphism determined by the inclusion of Tm into Tn+i given by 
\v) 1— > \v) ® |0), induces isomorphisms from V^ b (Xo) to V^ b (Xi), i = 1,2. It is elementary to check 
that the resulting isomorphism from V^ b (3£i) to V^ b (X2) is independent of Xo. 
Furthermore, we get from the commutativity of the following diagram 



ld®|0) 



Id®|0) 



1 



Id®G[h] 

■Fi > F2, 

which follows from the fact that G[/i]|0) = |0), that these isomorphisms are also compatible with 
the change of formal coordinates isomorphism induced by G[h\. 

Definition 7.4. The space of abelian vacua associated to the Riemann surface C is by definition 

vjL(c)= II vi b (x)/~, 

c(£)=C 
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where the disjoint union is over all Riemann surfaces with formal neighbourhoods with C as the un- 
derlying Ricmann surface and <~ is the equivalence relation generated by the isomorphisms discussed 
above. 

It is obvious that 

Proposition 7.3. The natural quotient map from V^ b (X) to V* b (C) is an isomorphism for all 
Riemann surfaces with formal neighbourhoods X with c(X) = C. 

Suppose Cj, i = 1,2 are Riemann surfaces and $ : Ci — > C 2 is a morphism of labeled marked 
Riemann surfaces. Let X 2 be a Riemann surface with formal neighbourhoods such that 5(£ 2 ) = C 2 . 
Let $*X 2 = Xi. Then $ is a morphism of Riemann surfaces with formal neighbourhoods. We 
clearly have that 

Proposition 7.4. The identity map on Tn induces a linear isomorphism from V^ b (Xi) to V £ [ b (X 2 ), 
which induces a well defined linear isomorphism V^ b ($) from V^ b (Ci) to V^ b (C 2 ). Compositions 
of morphisms of labeled marked Riemann surfaces go to compositions of the induced linear isomor- 
phisms. 

8. Definition of the line bundle of abelian vacua over Teichmuller space 
8.1. Sheaf of abelian vacua. Let 



be a family of TV-pointed semi-stable curves with formal neighbourhoods. That is C and B arc 
complex manifolds, 7r is a proper holomorphic mapping, and for each point b e B, $(b) = (Cf, — 
7r _1 (6); si(b), . . . , sjv(&);£i, • ■ • , £,n) is an TV-pointed semi-stable curve with formal neighbourhoods. 
We let £ be the locus of double points of the fibers of $ and let D be 7r(S). Note that £ is a non- 
singular submanifold of codimension two in C, and D is a divisor in B whose irreducible components 
Di, i = 1,2, ... ,m' are non-singular. 

In this section we use the following notation freely 



£ = (7T : C — > B;si, . . . ,s N ;£i, . . . 



N 



Sj = sj(B) 



Put 



T N {B) = T N ® c O b 



^ N {B) = O b ® c T\ 
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Definition 8.1. Wc define the subshcaf V E [ b (5 r ) of F N {B) by the gauge conditions: 

N 

^($|V>[wj] = 0, for all uj E n*(u>c/B{*S)), 

N 

J2(^[fj] = 0, for all / e n*O c (*S). 

where u)j and fj are the Laurent expansion of u> and / along Sj with respect to the coordinate £j . 

The sheaf V^S") is called the sheaf of (j = 0) abelian vacua or the sheaf of abelian vacua of the 
family Similarly the sheaf V a b(3) of (j = 0) dual abelian vacua of the family is defined by 

V ah m=T N (B)/T ah {%). 

where T a h{$) is the Og-submodulc of T N {B) given by T ah {$) = (30+^(30' where f ah ($) is the 
span of ip[f]TM{B) for all / e tt*Oc(*S) and F^id) is the span of 4>[lo}!Fn{B) for all ui G -k^uj C /b(*S)- 

Note that we have 

V: b (3) = Hpm OB (V ab (3),0 B ). 
Moreover, by the right exactness of the tensor product we have that 
(57) V ah (3)® 0B Bib /m b ^ V ab ($(&))■ 

Theorem 8.1 ([2, Theorem 5.2]). The sheaves V a b(3") and Vl h ($) are invertible Ob -modules. They 
are dual to each other. 

8.2. The line bundle of abelian vacua over Teichmuller space. Let fo, i = 1, 2 be two families 
of stable and saturated pointed Riemann surfaces with formal neighbourhoods. Assume we have a 
morphism of families (not necessarily preserving sections nor formal coordinates) 

I I 
B, ft, 

which is a fiberwise biholomorphism. 

Let now # = (Ci — > Si; so, ??o) be obtained from 3i, by replacing (s*i,rfi) by (s ,ff ) such that 
s (Si) is disjoint from si(B\) and from S2(/3i), where <&S2 = -?2*- The propagation of vacua 
isomorphism induces an isomorphism between V^So) an d Hi b (3\)- Furthermore the propagation 
of vacua induces an isomorphism between V.[ b (3o) and V.[ b (32), where #2 = (Ci — ► B\; s 2 , 772) and 
$772 = \I/ *77*2 - The identity on Fn(B\) induces an isomorphism between V ah {T2) and V^^*^?))- 
Composing these with the pull back isomorphism just as in the non-abelian case, we arrive at the 
following proposition. 
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Proposition 8.1. We get an induced bundle morphism 

VIM 

(58) 

Bi — ^— B a , 

determined as above. Moreover, composition of such family morphisms goes to composition of the 
induced bundle morphisms. 

Suppose now that we have two families i — 1,2 over E with the property that they have the 
same image ^j(Bi) = ^ 2 (B2) in Teichmiiller space 7s and that # 2 is a good family with respect 
to E. For such a pair of families there exists by Proposition 13.21 a unique fiber preserving biholo- 
morphism $i 2 : C\ ~^C 2 covering ty^^f^ such that $y 2 1 $i 2 $y 1 : Y — > F is isotopic to ^y 1 *^ x Id 
through such fiber preserving maps. 

By Theorem 18. II we have that V| b (Ji) are holomorphic line bundles over Bi. By Proposition l8.ll 
we get induced a glueing isomorphism 

(59) Vl h ($ 12 ):Vl(3 1 )^Vt h (3 2 ). 

Definition 8.2. Let Ska closed oriented smooth surface. We now define a line bundle V^ b = 
V ab (E,P) over Teichmiiller space 7s using the cover {"^(B)}, where 5 runs over the stable and 
saturated good families of pointed Riemann surfaces with formal neighbourhoods over E. Over 
^j(B) we specify the line bundle as )*^lb(^)- ^ n overlaps of the image of two good families, 
we use the glueing isomorphism V^ b ($i2) to glue the corresponding bundles together. 

We obviously have the following 

Proposition 8.2. For any stable and saturated family $ of pointed Riemann surfaces with formal 
neighbourhoods over E we have a preferred isomorphism 

Tf :Vt b (5)-.*|v+ b (E) 

induced by the transformation isomorphism between V^ b (^) and VjL(39> for good families 5 of pointed 
Riemann surfaces with formal neighbourhoods over E such that "^(B) intersect VE^B') nonempty. 

Suppose now / : Ei — > E 2 is a morphism of surfaces. Then of course / induces a biholomorphism 
/* from 7si to 7s 2 • Let now be a good family of stable pointed Riemann surfaces with formal 
neighbourhoods over Ex. Then by composing with / _1 x Id we get a good family J 2 of stable pointed 
Riemann surfaces with formal neighbourhoods over E 2 over the same base B\ . The identity morphism 
on Tn{B\) then induces a morphism Vj b (/) : Vl h ($i) — * V^^) which covers the identity on the 
base. This is precisely the morphism induced from the morphism of families $/ = / x Id : 5i — > 52 
by Proposition O This in turn induces a morphism V] b (/) : (tf^VO^Si)) ^(^V^lbG^)) 
which covers /* : (Bi) -> * S2 (B x ). 
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Proposition 8.3. The above construction provides a well defined lift of f* : 7x 2 t° a mor- 

phism V| b (/) : V^ b (Si) — * VJ b (E2) which behaves well under compositions. 

The proof is exactly the same as the proof of Proposition E31 

9. The connection in the line bundle of abelian vacua over Teichmuller space. 

Let us use the same notation as in §6.1. Let J be a family of stable and saturated pointed 
Riemann surfaces with formal neighbourhoods on (£, P). For an element I = {t\, . . . , in 

3=1 ^ 

the action D(£) on $ is defined by 

N 

(60) D(£)(F ® |u)) = 8(1){F) ®\u)-F- (^ft(T[^])) \u), 
where 

F e O b , \u) e ^v, 

and 

T[£] = Res(T(z)^(z)dz), . 

Here T(z) is the energy- momentum tensor T of spin j — be ghost system. Then the action has 
the similar properties as those of Proposition 6.1. We define the dual action of £(#) on ZF N {B) by 

N 

(61) D(£)(F ® ($|) = <g) ($| + ■ (*|p,(Tfc]). 

j'=i 

where 

F e Ob, <$| e J^(B). 



Then, for any |u) S T N {B) and ($| e J^ N {B), we have 



(62) {£>(i5($|}|i) + <<&|{D(ip>} - 0(I)<<&|$>. 

Now the operator D(£) acts on V a b(i?)- 
Proposition 9.1 ([2, Proposition 4.2]). For any I £ £(S r ) we /iai/e 

r>(i)(jr ab (gr)) C -F ab (£). 
Hence, D{£) operates on V a b(i?)- Moreover, it is a first order differential operator, if 9{t) ^ 0. 
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Now choose a meromorphic bidifferential 

oj £ H°(C x B C,Lu C x B c(2A)) 

defined by (03). Put 

N 

(63) b u (t) = J] Res (^fe)^fe)^ 

where is the projective connection defined by (j45|) . Then this defines an Og-module homomor- 
phism 

b u : £(ff) -> B , 

and if 9(F) = then we have that 

mD(i)\ U )} = ~bu?){$\u). 

For a vector field X on B choose £ £ £(3) such that 0(F) = X. Then the connection on V s [ b (3 r ) is 
defined by 

(64) V^«$|) = D(F)({$\) + ^ w (l)(($|), 

for ($| £ V| b (3)- This is well-defined and (|64p is independent of the choice of £ £ £(30 with 
0(i) = X. Just like for the non-abelian conformal field theory (see for example [19], section 5) we 
can prove the following theorem. 

Theorem 9.1 ([2, Theorem 4.2]). The operator V*-"- 1 defines a projectively flat holomorphic connec- 
tion of the sheaves V a b(3) an d ^ab(^)- Moreover, the connection has a regular singularity along the 
locus D C B which is the locus of the singular curves. The connection V' w ' depends on the choice of 
bidifferential uj and if we choose another bidifferential ui' then there exists a holomorphic one-form 
4>u.u' on B such that 



(65) V^-V^i^^X). 
Moreover, the curvature form R of is given by 

(66) R(X,Y) = -{b u (n) - X(b u (m)) + Y%(&) ~Y,f% (~^ m ^)}' 

j=i 3 



where X,Y £ 8 C / B (*5)), £, m £ £(3") with X = 9(1), Y = 9(fh), and n £ £(3) is defined by 
ft = [£,rh] d (see ([39]) ). 
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Corollary 9.1. Let $ be a family of stable and saturated pointed Riemann surfaces with formal 
neighbourhoods on (E,P). If we use the same bidifferential lu to define the connections on the 
bundle of vacua and the line bundle of abelian vacua on then we have 

(67) R U (X,Y) = ^R(X,Y) (gild. 

Proposition 9.2. Let $ be a family of stable and saturated pointed Riemann surfaces with formal 
neighbourhoods on (E,P) and choose a symplectic basis (cti, . . . , a g , /3x, . . . ,f3 g ) o/Pi(E,Z). Let 

ieC/i 



u> G H°(C xg C, ucx B c be the normalized symmetric bidifferential determined by this data. 



Then there is the connection ^ in the bundle V^ b (3 r ) whose (l,0)-part is given by formula (4-23) 
in [2] and whose (0, l)-part is just the d-operator in this holomorphic line-bundle. The curvature of 
this connection is given by the formula (I66p . 

Proof. By the definition of V ^ and the definition (|6U|) of b u , we see that the (1, 1) and (0, 2)-part 
of the curvature is zero. 

□ 

Suppose now that we have two good families fo, i = 1,2 with the property that they have the 
same image {B\) — (B2) in Teichmiiller space 7s- For such a pair of families there exists by 
Proposition 13 . 21 a unique fiber preserving biholomorphism $12 : C\ — >C2 covering ^^^g^ such that 
$ 52 1 *i2$ 5l : (Y,P)^(Y,P) is isotopic to x Id. 

Lemma 9.1. Let vj ' be the connection in VjL^t) described in Proposition \9. 6 A Then we have that 

This follows from Theorem 14.41 above, by the same argument as in the non-abelian case. 

Theorem 9.2. Let E be a closed oriented surface and let (a,/3) = (ai, . . . , ot g , . . . , /3 g ) be a 

symplectic basis of H\(E,Z). There is a unique connection — V*' '^(2, P) in the bundle 

V^ b (S,P) over 7s with the property that for any good family 5 of stable pointed Riemann surfaces 
with formal neighbourhoods over S we have that 

In particular the connection is compatible with the holomorphic line-bundle structure on l/[ b (E, P). 
The curvature is of type (2,0) as stated in Proposition 1 9. 6 A 

<f - - on the „ M c W fl bv „ A - ( ^ ) 6 ,0 - * 

A(a, /?), as defined by (|43p . i/ien 

(68) ^A(^)_^(^) = l n *(dlogdet(Cr + ^)), 
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where LI is the period mapping of holomorphic one-forms form the base space of$ to the Siegel upper- 
half plane of degree g. If f : Si — > S2 "is an orientation preserving diffeomorphism of surfaces which 
maps the symplectic basis (a^ 1 ' , fj^) of Hi (Ei , Z) to the symplectic basis (a^ 2 \(3^) o/-Hi(E 2 ,Z) 
then we have that 

. _ (5<2) Q{2)\ _ f 5 (l) ,3(1)) 

Proof. The existence is a consequence of Lemma I^TTl The transformation law (fH5|) follows from the 
above Theorem 19.11 

□ 

Proposition 9.3. For any stable and saturated family $ of pointed Riemann surfaces with formal 
neighbourhoods over E the preferred isomorphism 

given by Provosition \8.S\ "preserves connections and is compatible with the lift V^ b (/). 
This follows directly from Lemma 19.11 and Theorem [ 



10. THE PREFERRED NON- VANISHING SECTION OF THE BUNDLE OF ABELIAN VACUA. 

Let X = (C; be a one-pointed smooth curve of genus g with a formal neighbourhood. We 
shall show that if we fix a symplectic basis (a, [3) = (a%, . . . , a g , (3i, . . . , f3 g ) of Hi(C, Z), then there 
is a canonical preferred non-zero vector (w(X, ({a,/3})| S V.[ b (X). Let us choose a normalized basis 
{u>\, . . . ,Lu g } of holomorphic one- forms on C which is characterized by 



(69) / Uj = Si3, l<i,j< 
The period matrix is given by 

T = ( T ij)i T ij : 

Now the numbers , n = 1, 2, . . ., i = 1, . . . g are defined by 

00 

n=l 

Note that the numbers P n depend on the symplectic basis (a, (3) and the formal neighbourhood £. 

(n) 

For a positive integer n > 1 let uiq be a meromorphic one-form on C which has a pole of order 
n + 1 at Q and holomorphic elsewhere such that 

(70) cu y Q > = , cj y Q '=0, l<i<g 

Jdi U J Pi 

1 00 

(71) - (t^t + E^^H- 

? ?ri = l 
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These conditions uniquely determine Wg' . Note that the second equality of ([70]) and (|7T|) imply the 
first equality of ([7(H) . The preferred element (v(X, {a, (3})\ £ V^ b (X) is defined by 



■ e(w s+2 ) A e(w g+ i) A e(w g ) A ■ • • A e(wi), 



where 



W 9 +n 



,(") 



For details see Lemma 3.1 and its proof of [2J. We call {w n }, n = 1,2, ... a normalized basis for 
X. Note that the normalized basis depends on the choice of a symplectic basis of Hi (C, Z) and the 
coordinate £. 

Theorem 10.1 ([2, Theorem 6.2]). For h(£) £ V\ put X h = {C; Q; r) = h{€)}. Then 

(u(X{a,p})\G[h} = (uj(X h ,{a,P})\, 
where G[h] : Vj b (X) — > V^ b (Xft) is £/ie canonical isomorphism given in Proposition 



Theorem 10.2 ([2, Theorem 6.3]). Let (ai, . . . a g , Pi, . . . , P g ) and (Si, ... S ff , Pi, ... ,p g ) be sym- 



plectic bases of if (C, Z) of the non-singular curve C. Assume that {Pi, 
span the same Lagrangian sublattice in H x (C,Ti). Then 

(w(X,{a,P})\ = detU(u(X,{a,p})\, 

where U £ GL(g, Z) is defined by 



,P g } and {Pi,...,P g } 



1 Pi \ 




1 Pi \ 




= U 




\ & J 







Let {p, q} be two smooth points on the curve C with formal neighbourhoods £, rj, respectively. 
Put Xq = (C;p,q;£,r]), Xi = (C;p;£), X2 = (C;q;r/). Then the natural imbeddings 



'1 



1-2 



T^T 2 

\u) 1 ► \u) (g) |0) 

\u) 1 ► |0) <g> \u) 
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induce canonical isomorphisms 



vi b (*o) 



11 / 



V 2 



Vl b (Xi) 



by Theorem mi 




Let E be a closed oriented surface. Assume first that E is connected. As described above, the 
choice of a symplectic basis gives a preferred section in the line bundle of abelian vacua associated 
to any family of stable and saturated pointed Riemann surfaces with formal neighbourhoods over 
E. We have that 

Theorem 10.4. Let $ be a family of stable and saturated pointed Riemann surfaces with formal 
neighbourhoods over E and choose a symplectic basis (a, ft) o/i?i(E,Z). Then there is a preferred 
non-vanishing holomorphic section si"'' 3 ' in the bundle V^^)® 2 given by 



Thus the section s^' only really depends on the Lagrangian subspace L = Span{/?i} and wc 
therefore denote it s$(L). 

Suppose now that S is not connected and that S = ]j. £j is the decomposition of E into its 
connected components E^ . Let $ be a family of stable pointed Riemann surfaces with formal neigh- 
bourhoods over E. Let be the restriction of $ to E^. Let JVj be the number of sections of 3i and 
N = J2i N% the number of sections of We obviously have the following lemma. 

Lemma 10.1. The isomorphism Tjq = ®i!FNi induces an isomorphism of holomorphic line bundles 



s^>(t) = ((u>(X t ,{a(t),(3(t)}\) 




obtain A(a,j3) as described in (|43|) . then 
(72) 




Proof. This is clear from Theorem 110.21 since we have det U = ±1. 



□ 



which is compatible with the connections. 
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Suppose now that (a,/?) = ((c?j,/3i)) is a symplectic basis of £fi(£,Z). We then define the 
preferred section to be 

For the rest of this section E is just any closed oriented surface. 

Suppose now that we have two good families i — 1, 2 with the property that they have the 
same image *5>^(B\) = ty$ 2 (B2) in Teichmiiller space 7s- For such a pair of families there exists 
by Theorem 13. 21 a unique fiber preserving biholomorphism $12 : C\ -^€2 covering wg t such that 
$12$^! : Y — >Y is isotopic to ty^^Si x Id through fiber preserving diffeomorphisms. 

Lemma 10.2. Let s^'^ be the preferred sections o/V^CSi)® 2 described in Theorem \10-4\ Then 
we have that 



vl b (<M® 2 (47 ) ) 



$2 



Proof. Since Vj b ($i2) is induced by the propagation of vacua isomorphism and the coordinate change 
isomorphism, this lemma follows from Theorem 110.11 and 110.31 

□ 

Theorem 10.5. Let £ be a closed oriented surface and let (ot,/3) = (an, ■ ■ ■ , a g ,f3x, . . . ,P g ) be a 
symplectic basis o/-Hi(£,Z). Then there is a unique non-vanishing holomorphic section s^ a '^ = 
s^ 1 '^ in the bundle V^ b (£)® 2 over 7s with the property that for any good family $ of stable pointed 
Riemann surfaces with formal neighbourhoods over £ we have that 

(**)®2( a <a.#) = sf>&. 

The sections transforms according to the transformation rule J7£[ If f : Si — > £2 is an orientation 
preserving diffeomorphism of surfaces which maps the symplectic basis (a^,/3^) o/-Hi(£i,Z) to 
the symplectic basis (d^ 2 \ /3 < - 2 - ) ) o/-ffi(£2,Z) then we have that 

(vUf)THst ) ' 0t3)) ) = € > ' 0ll)) - 

Proof. The first part of this theorem follows from the above. Since the choice of basis of meromorphic 
1-forms with the relevant properties is natural w.r.t. morphisms of Riemann surfaces, we get that 
the preferred section transforms just like the bases does. 

□ 

Likewise, we see that the section only depends on the Lagrangian subspace and we denote it 
therefore s(L) = ss(L). 

Proposition 10.1. For any stable and saturated family $ of pointed Riemann surfaces with formal 
neighbourhoods over £ the preferred isomorphism 

x | 2;V t b( ^2^* v t b(Er2 
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given by Proposition I £.,21 preserves the preferred sections. 
This Follows from Lemma HO. 21 

11. THE GEOMETRIC CONSTRUCTION OF THE MODULAR FUNCTOR. 

For the convenience of the reader, let us summarize the results of the sheaf of vacua constructions 
over Teichmiiller spaces of pointed surfaces obtained in non-abelian case in sections 14.61 to |H] and in 
the abelian case in sections [7J to [TUJ 

Theorem 11.1. Let (E.P, A) be a stable and saturated labeled pointed surface. 

• The sheaf of vacua construction (see Definition \5.2\) yields a vector bundle V x = Vt(E,P) 
over the Teichmiiller space T(e,p) of (E, P) whose fiber at a complex structure C on (E, P) 
is identified (via the isomorphism given in Proposition \5.2\) with the space of vacua Vt(C) 
as defined in Definition ^. 5\ 

• For each symplectic basis o/.ffi(E, Z), we get induced a connection in V\ over T(s,P)- Any 
two of these connections differ by a global scalar-value 1-form on 77s, P)- See Theorem \6.3i 

• Each of these connections is projectively flat and their curvature are described in details in 
Theorem \6.2\ and \9.1\ 

• There is a natural lift of morphisms of pointed surfaces to these bundles covering induced 
biholomorphisms between Teichmiiller spaces, which preserves compositions. See Proposition 




• A morphism of pointed surfaces transforms these connections according to the way it trans- 
forms symplectic bases of the first homology. See Theorem 1 6. 21 

Remark 11.1. If we choose a Lagrangian subspace L o/i?i(S, Z) and constrain the symplectic basis 
(cti,/3i) o/Pi(E,Z) such that L = Span{/3i} then we see from the transformation laws in Theorem 
1 6. 21 that we get a connection in V\ which depends only on L. 

Since the connections in the vector bundle v\ are only projectively flat, we need a 1-dimensional 
theory with connections, whose curvature after taking tensor products, can cancel this curvature 
and result in a bundle with a flat connection. There are obstructions to doing this mapping class 
group cquivariantly, so we expect to see central extension of the mapping class groups occurring. As 
we shall see below, this is exactly what happens, when one extracts the necessary root of the abelian 
theory treated in [2], so as to get the right scaling of the curvature. Again, the following theorem 
summarizes the results and constructions, now in the abelian case treated in section [71 to 1101 

Theorem 11.2. Let E be a closed oriented surface. 

• The sheaf of abelian vacua construction (see Definition ] 8.2)) yields a line bundle V^ h — V.[ b (I]) 
over the Teichmiiller space 7s o/E, whose fiber at a complex structure C on E is identified 
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(via the isomorphism given in Proposition \8.2\) with the space of abelian vacua VJ b (C) as 
defined in Definition \7.4\ 

• For each symplectic basis o/iii(£,Z), we get induced a holomorphic connection in V ah over 
7s (see Theorem \ 9.2\l . The difference between the connections associated to two different 
basis's is the global scalar-value 1-form on 7s given in i68\) . 

• The curvature of each of these connections are described in Proposition ^ .°A 

• For each symplectic basis o/-ffi(E,Z), we also get a preferred non-vanishing section of 
(V^ b )® 2 as specified in Theorem \10.5\ The transformation formula \7%fy states how the 
preferred sections transforms under change of the symplectic basis of 7/i(£,Z). 

• There is a natural lift of morphisms of surfaces to these bundles covering induced biholo- 
morphisms between Teichmuller space, which preserves compositions. See Proposition \8.Sl 

• A morphism of surfaces transforms these connections and the preferred sections according 
to the way it transforms symplectic bases of the first homology. See Theorem \9.1\ and \10.b\ 

Remark 11.2. If we choose a Lagrangian subspace L o/i/i(E,Z) and constrain the symplectic basis 
(ai,f3i) o/-ffi(E,Z) such that L = Span{/3i} then we see from the transformation laws in Theorem 
1 1 0. 5\ that we get a preferred non-vanishing section s = s(L) and a connection in (V| b )® 2 which only 
depends on L. 

From the discussion of the curvatures of the connections in V x and lA, i.e. by comparing the 
curvature formula (foT|) , it is clear that the root of (V.[ b )® 2 we are seeking is c v . The following 
theorem provided us with such a root. 

Theorem 11.3. For any marked surface S = (S,L) there exists a line bundle, which we denoted 
O^lb) ~^ Cv (L) = (V] b )~^ c " (S), over 7s that satisfies the following: 

• (V^ b )~^ c " is a functor from the category of marked surfaces to the category of line bundles 
over Teichmuller spaces of closed oriented surfaces. 

• // we choose a symplectic basis of H\{Y,, Z) for a marked surface £ then we get induced a 
connection in (V £ [ b )~ 5Cl ' (L), whose curvature is —\c v times the curvature of the correspond- 
ing connection in V ^. The difference between the connections associated to two different 
bases is —\c v times the global scalar-value 1-form on 7s given in i68]) . 

Proof. Let ((V^)® 2 )* be the complement of the zero section of (V^)® 2 . Let (V^)® 2 be the fiberwise 
universal cover of ((V^)® 2 )* based at the section s(L). This is a completely functorial construction 
on pairs of line bundles and non-vanishing sections. There is a unique lift of the C*-action on 

((Vab) 182 )* to a C-action on (V^)® 2 with respect to the covering map exp from C to C*. For any 
a e C* we can now functorially define a line bundle ((V £ [ b )® 2 ) Q (L) as follows: 

( (V t b )^ r(jL) = (^2 Xpci C) 
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where p a (z) : C — > C is the linear map given by multiplication by exp(az) for all z £ C. We emphasis 
the dependence of this bundle on the section s(L) and hence on L in the notation for this bundle. 
Here we choose a — ~c v jA, to define (Vl h )~i c '" . 

It is clear from the construction of ((V^ b )® 2 ) a (L), that a connection in V^ b will induce a connection 
in ((V.[ b )® 2 ) Q (L), whose curvature two-form is a/2 times the curvature two-form of that connection 
in V^ b . For the construction of the functor on the morphisms of marked surfaces, we refer to |20| 
and [I]. 

□ 

By pulling (Vl h )~i c '" (L) with its connection back to Tce,p) from 7s, we get a line bundle with 
with a connection on Trs,p), which we also denote (V^ b )~^ Cl ' (L). 

Let now (S,A) = (£, P, V, L,X) be a stable and saturated labeled marked surface. From the 
above Theorems 111.11 and lll.3( we see that there is a well defined flat connection in the vector 
bundle Vj <8> (v! b )~' c "(X) over 7(s,p) gotten by taking the tensor product connection of the two 
connections induced by any symplectic basis of Z). Now 7(s,p) forms a ^-principal 

bundle over the reduced Teichmuller space T^\y,.p)- Hence we can use the flat connection to push 
forward this bundle to obtain a bundle with a flat connection over the reduced Teichmuller space. 

Definition 11.1. For the stable and saturated labeled marked surface (£, A) we define the vector 
bundle VJ(S) with its flat connection V(S, A) as the push forward of the bundle v\ <E> (Vtu)~^ Cv (L) 
to the reduced Teichmuller space T^ r '(s,p) followed by restriction to the fiber 7s- 

Remark 11.3. By Theorem \11.1\ and and Lemma 1 6. S\ we see that morphism of stable and 
saturated marked surfaces induces isomorphisms of flat vector bundles covering corresponding dif- 
feomorphisms of Teichmuller spaces of the corresponding marked surfaces. 

However, for a labeled marked surface (£, A) = (E, P, V, L, A), which is not stable or not saturated we 
need to say a little more. Namely, let (S',A') be obtained from (X, A) by further labeling points 
not in P by the zero label £ Pi and choose projective tangent vectors at these new labeled points, 
such that £' is both stable and saturated. . Let n' be the projection map from 7s' to 7s- 

Proposition 11.1. The connection V(S', A') has trivial holonomy along the fibers of the projection 
map tt'. The connection V(S', A') induces a flat connection in the bundle over 7s obtained by push 
forward VJ/(£') along tt' using V(S', A'). // (£", A") is another stable and saturated labeled marked 
surface obtained from (S, A) in the same way by adding zero-labeled point to P, then iterations of 
the propagation of vacua isomorphisms given in Proposition \5.3\ induces a connection preserving 
isomorphism between the corresponding pair of bundles over 7s • 

This proposition follows directly from Proposition 16 . 71 and the definition of the flat vector bundle 
V1,(£',P')- 
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Definition 11.2. Wc define the vector bundle with its flat connection (Vj^E), V(E, A)) over 7s 
to be <(vi,(S'),V(E',A')) for any stable and saturated labeled marked surface (S',A') obtained 
from (E, A) by adding zero-labeled marked points to P. 

Suppose now / : (Si, Ai) — >(E 2 , A2) is a morphism of labeled marked surfaces and that (E£, AQ is 
obtained as above from (E^, Ai) by adding zero-labeled points and further that /' : (Ei, Ai) — >(E 2 , ^2) 
is any morphism of labeled marked surfaces, which induces / when restricted to (Si, Ai). We then 
have the following result as a direct consequence of Proposition 16. 81 

Proposition 11.2. The induced morphism of flat vector bundles V^(f') : Vy (E' x ) — > Vy (E 2 ) in- 
duces a morphism of flat vector bundles from (Ei) to (E 2 ) which only depends on f and 
which behaves well under compositions of morphism of labeled marked surface. 

Let us now collect the thus fare obtained in the following theorem. 

Theorem 11.4. The construction given above gives a functor from the category of labeled marked 
surfaces to the category of vector bundles with flat connections over Teichmuller spaces of marked 
surfaces. 

The modular functor we seek is now simply just obtained by composing with the functor which 
takes covariant constant sections of vector bundles with connections. 

Definition 11.3 (The functor Vf). Let £ be a positive integer. Let Pi be the finite set defined in 
© with the involution f as defined by Let (S, A) = (£, P, V, L, A) be a labeled marked surface 
using the label set Pi. The functor V® is by definition the composite of the functor, which assigns 
to (S,A) the flat vector bundle V|(E) over 7s, and the functor, which takes covariant constant 
sections. 

Remark 11.4. For a labeled marked surface (S,A) and a complex structure C on it, we see that 
Proposition \5.2\ and \8.2\ give an isomorphism 



since 7s is contractible. Moreover, iff : (Si, Ai) — >(S2, A2) is a morphism of labeled marked Rie- 
mann surfaces, which is realized by a morphism of labeled marked Riemann surfaces $ : Ci — > C2, 
such that $*(i^2) = L\, then we have the following commutative diagram 



F/(S,A)=v|(C)®(vi b )-^(L)(C), 



*7(Ei,Ai) 



Vl(Ci)®(Vi)-^(£i)(Ci) 





^/(S 2 ,A 2 ) 



- Vj[(C 2 )®(Vj[ b )-^(L a )(C 2 ). 
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Remark 11.5. Let (£, A) be a labeled marked surface and suppose that (X', A') is obtained from 
(X, A) by labeling further points by € Pi, then by Proposition \ll.f\ we get induced an isomorphism 

Vf(£,A)^y/(£',A'). 

Let (E, A) be a labeled marked surface. Let $ = (tt : C — > B, s,ff) be a family of stable and 
saturated Riemann surfaces with formal neighbourhoods over S. 

Definition 11.4. We define V^ fl (#, A) to be the covariant constant sections of the flat bundles 
v!(S)®(V a + b )-Hi)(S) over B. 

Form this definition it is clear that we get an isomorphism 

/ ff :V?(3> A)^V«(E,A). 

In order for the functor Vf to be modular, we need to further construct the disjoint union 
isomorphism and the glueing isomorphism and to check that the axioms of a modular functor is 
satisfied. First we construct the disjoint union isomorphism. The glueing isomorphism will be 
constructed in the following section. 

Let (Si,Ai) = (T,i, Pi,Vi, Li, Xi), i = 1,2, be two stable and saturated labeled marked surfaces 
and let (S,A) = (Si,Ai) U (E 2 ,A 2 ). Let A = Ai U A 2 . We have that Ts = Tsj xTs 2 - Let 

: Ts ^7s, be the projection onto the «'th factor. We clearly have that 

Proposition 11.3. The natural isomorphism Ti.^ = 'H^ ® 7^ (for any ordering A, Ai and A 2 of 

A, Ai and A 2 respectively) induces an isomorphism of vector bundles with connections 

(73) Vj(£, P) = 7r 1 *vj; i (Si, Pi) (8 7T 2 *V! 2 (£ 2 , P 2 ), 

where we use the Lagrangian subspaces to fix the connections in all three bundles. The isomorphism is 
compatible with isomorphism induced by disjoint union of morphism of corresponding labeled marked 
surfaces. 

Remark 11.6. These disjoint union isomorphisms are clearly compatible with the propagation of 
vacua isomorphisms given in Proposition 

Further it is easy to see that 

Proposition 11.4. The isomorphism given in Lemma \10.1\ induces an isomorphism of line bundles 
with connections 

(74) V a f b (S) <* ttJ V ab (Ei) ® 7r 2 *V ab (£ 2 ), 

where we use the Lagrangian subspaces to fix the connections in all three bundles. The isomorphism is 
compatible with isomorphism induced by disjoint union of morphism of corresponding labeled marked 
surfaces. Moreover the preferred sections of the squares of these bundles specified by the given 
Lagrangian subspaces are compatible with this isomorphism. 
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From this proposition it then follows that we get the corresponding isomorphism of — ic^-power 
of these bundles. Combining this with (|73p we now get induced a preferred isomorphism of flat 
vector bundles 

Vl(S)^ 7 r 1 vi i (S 1 )® 7 r|Vi 2 (S 2 ), 

which intern induces the required isomorphism of the corresponding vector spaces of covariant con- 
stant sections: 

V?(H,\) sV?(£i,Ai) S^Ea, A 2 ) 
which is natural with respect to disjoint union of morphisms. 

12. Sheaf of vacua and gluing. 
Let S — (£, {p-,p + } U P, {v-, v+} U V, L) be a marked surface. Let 

c:P{T p _Y,)^P{T p+ Y>) 

be a glueing map and S c the glueing of £ at the ordered pair ((p_,t>_), (p + ,v+)) with respect to c 
as described in section [2] We shall first assume that (£ C ,P) is stable and saturated. 

Let J = (7r : C — » £>; s_, s + . s;?/- ,rj + ,ff) be a family of pointed Riemann surfaces with formal 
neighbourhoods on S over a simply-connected base B. Let D be the unit disk in the complex plane. 
Assume we have holomorphic functions x± : U± C C — > P/ such that for each b <E B ~we have that 
U- 1 (b) : ?7±n7r _1 (6) — > D are local coordinates for ir~ l (b) centered at p± and further that x± = rj± 
as formal neighbourhoods. Further we assume that d p± (x± \ 7V -i^)(v±) — 1 and that 

c = P(d p+ (x+ U- 1(6) ))- 1 oP(T)oP(d p _( a; _ |,-i (t) )) :P(T p _S)^P(T p+ S) 

where P( 7 ) : P(TqD) — » P(TqD) is induced by the the real linear map z i— > z. Assume that P C 
£ — ({/_ U C/+). 

Set B c — B x P and 7Td : £> c — > D be the projection onto the second factor. Let us now construct a 
stable and saturated family of pointed curves with formal neighbourhoods 3c = (ir c : C c — > i3 c , s, 77), 
in the sense of Dcfinition ll4.2l in the Appendix below, by applying the glueing construction pointwise 
over B to 

Let 

C 1 = {(z,w,t) e D x3 \zw = t] 
C\ =C 1 xB 

and 

C 2 C = {(y,r) eCxD\yeU ± ^ \x ± (y)\ > |r|} 

Let then 

C c C c C c , 

where 

<j): ((E7_ -p_) x PU(P+-p+) x P)nC c 2 ^C c 1 
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is given by 

I (x-(y),T/x-{y),T,Tt(y)), yeU--p- 
{ {T/x + (y),x + (y),T,n(y)), yeU + -p + 

One easily checks that C c is a smooth complex manifold of dimension dim(£>) + 2 and that we have 
an obvious holomorphic projection map tt c : C c — > B c . Let $ c — (ir c : C c — > B c , s, if). 

The fibers over B x {0} are nodal curves, hence 3c is not a family of pointed Riemann surfaces with 
formal neighbourhoods, however it is a family of pointed stable curves with formal neighbourhoods 
in the sense of Definition 114.21 in the Appendix below. If D* = D \ {0}, then the restricted family 
■Sc\bxD' is however a family of pointed Riemann surfaces with formal neighbourhoods. 

Set fl = {(e C|Im(C) > 0}. On D we now consider the real coordinates (r, 0) given by 
r(() = exp(— 27rIm(C)) and 8(() — Re(C). Let (r±,0±) be x± composed with polar coordinates. 

Let B c = B x D and p c : B c — > B* — B x D* be given by p c (b, C) = (b, exp(27riC)). Then B c is 
the universal cover of B c . Let C c — p*C c , C' c = C c |g. , $ c = _p*3c, tt c ■ C C ^B C , tt^ : B C ^D and 
fr B :B C ^B. 

Let 



and 



V ± = *j 1 (U±) 
x± : V± -> B x D 



be given by 

Z± = (kb,x± ° %)■ 
Let us now define a fiber preserving diffeomorphism 

f : C c > S c x B c 

by 

ff f (i: 1 (7r(y),x r (^(y)),^(2/) + ^ i S#e)^^) if 2/ G U— , 1 > r_ (y) > r 1 / 2 

and extend / to all of C c by the map <I>^ 1 x Id on (C - (U+ U U-)) x I). 
Here \ r is a smooth family of diffeomorphisms 

Xr : [l,r]->[l,-l], re (0,1), 

with the properties that \ T is the identity near 1, \r maps p i— > —r/p near r and XrC?" 1 / 2 ) = for 
each r £ (0, 1). We will furthermore assume that for all p S (0, 1) we have that 



lim Xr(p) = P and lim y r (r/p) = -p, 

r — ► r — > 



for allpe (0,1). 
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The extra conditions on \r implies that the limit lim r o <7 ° /(•, t, 0) : E' — » E' exists and is equal 
to Id : E' — ► £'. We observe that the monodromy (f\{b}xn- 1 (Q+i)) (/|{6}x7r _1 (C)) _1 * s a Dehn twist 
inP(T p _£). 

Using / _1 : E c x B c — > C c we see that S" c is a family of stable and saturated curves with formal 
neighbourhoods on £ c . 
The inclusion 

given by 

M " l<W ® 0) 
induces an isomorphism of vector bundles 

(75) V|(ffc| B x { o } ) = 

This is the content of Theorem 4.4.9 in 

The abelian sheaf of vacua construction applied to the family 3c gives a holomorphic line bundle 
V.L(3c) over £> c . This follows from Theorem 114.21 below . We get an isomorphism of vector bundles 

(76) vi(3 c )| B x { o}-V £ [ b (3) 

induced by the isomorphism given in Theorem 114.31 below. The preferred section s$ c (L c ) is contin- 
uous over B c . Over 7r^ 1 (0) it is mapped via the above isomorphism to the preferred section s$(L) 
of Vl h {$)- This follows by Theorem 1 1 4 . 41 and 114.81 As discussed before the Lagrangian subspace L 
determines connections in the bundles ffi^V^ t -(39 and V^ b (3)' 

Proposition 12.1. The Lagrangian subspace L c C -Hi(E c ,Z) determines a unique normalized sym- 
metric bidifferential lo c £ H°(C C Xg c C c ,ojc c x b e c (2A)) specified by formula (|42j) for any symplectic 
basis (a, /3) of \ffi(E c ,Z) such that L c — Span{/3i}. 

Proof. Given any symplectic basis (a, (3) of Hi (£ c , Z) such that L c = Span{/3i}, formula (|42|) defines 
a normalized symmetric bidifferential <D C G H°(C C Xg C c ,u/g x ^ g (2A)). The monodromy of the 
fibration 7r : C c |--i/ 6 \ — » D is the Dehn twist in the Riemann surface P(T p _E), hence it preserves 
i c . But then by applying the transformation law given in (5.2.7) and (5.2.8) [Hj, we see that ui c is 
invariant under this monodromy and therefore Co c is the pull back of a unique 

uj' c eH°(C' c x Bc C> c , XBcC ,(2A)). 

By the general theory for bidifferentials on such families, see e.g. [H] chapter III, we have that there 
is a unique u c e H a (C c x Br C c , w CcXBcCc (2A)) such that lo c \c c x b *c c = u' c . 

□ 
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By Definition 16.21 and Theorem 16.21 we get that ui c determines a projectively flat connection in 
Vl(3c)|ss an d by Theorem 19. II a connection in Vl h (3 c )\s* ■ 

Let us now recall the conclusion of the glueing constructions on the sheaf of vacua both in the 
non-abelian and abelian case applied to the family $ c : 

The explicit formula (j5Uf and Theorem 114.61 below give an isomorphism between sections of 
^|(3c)|bx{o} and sections of V~(3c)i which are covariant constant along the fibers of n^. 

The connection in V^ b (3c)|e* determined by u> c extends to a connection on all of V^Sc), hence we 
get by parallel transport along the fibers of 7Td an isomorphism between sections of V^ b (3c) |gx{o} 
and sections of V^ b (3c), which are covariant constant along the fibers of nrj- This follows from 
Theorem 114.71 below and formula (|82p gives an explicit formula for this isomorphism. 

By applying the fractional power construction to the line bundle V^ b (J c )® 2 with the preferred 
section s$ a (L c ), we get a line bundle over B c , which we denote V^^c) - ^" {L c )- By the very 
construction of this bundle we see that V £ [ b (3e)~^ Cl ' (L c ) |s x {o} 1S identified with (V E [ b )(S r )~^ Cl " (L). 
We get a connection in this bundle from its construction and an isomorphism from sections of 
OabX^D ~^ Cl '(^) to sections of V^ b (^ c )~5 c « (L c ) over B c , which are covariant constant along the 
fibers of 7td. 

Theorem 12.1. The tensor product of these two glueing constructions gives an isomorphism I c {$, x±) 
from covariant constant sections ofQ)^ ePe f ^(30 ® H^^) - ^" C^) over & to covariant constant 
sections o/V|(Sc) ® K b (Sc)~'5 c <'(I, c ) over B c : 

IcQ,x±) : V°($,n,rf,\)^V»($ c ,\). 

Proof. From an element of MgPf V e B ($, n, p, f , A), we get a section of V^( ! Sc)<^Vl h (!Sc)~' Cv (L c ) \ Bx { }. 
By Theorem 5.3 and Remark 5.1 in [2] we see that the covariant derivative of the section of 
Vl($ c )®Vlb(3c)~^ Cv (L c ) obtained by glueing vanishes, since the contributions from the non-abelian 
factor exactly cancels the contribution form the — |c„-power of the abelian factor. Hence glueing 
results in a covariant constant section of vl(5 c ) ® V^Sc) - ^ " C^c) over B c - Since the two glueing 
constructions give isomorphisms, it is clear that I c is an isomorphism. 

□ 

Let C^' , i = 1,2, be two complex structures on S and let x± : —>■ D be coordinates around 
p± with dpiX^Cui) = 1 such that c = P((d p+ a;^V 1 p ( 7 ) ° P(d p _x i i ) ) : P(T p _ S) — * P{T p+ E). Let 
77^' be formal coordinates around pj e CW. 

Theorem 12.2. For smc/i two pairs (C®, afj! ), i = 1,2, 0/ complex structures and holomorphic 
coordinates on U P) we have that 

/ c (C«z«)=I c (C(Vi 2) ). 
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This follows straight from Theorem 1 12. 11 since we clearly have the following 

Lemma 12.1. There exists a family of pointed Riemann surfaces with formal neighbourhoods $ = 
(•7T : C—fB,s,ff) on (E, P), holomorphic functions x± : U± C C — > D and b$ G B i = 1,2 such that 
the following holds 

• The base B is simply- connected. 

• Restriction to the fiber 

(^ 1 (bi),vW- 1 (b z ),x± U-i(6 ; ): U± n TT^ 1 (b i )^D) 
over hi, i — 1,2, is the same complex structure on (E,P) as 

(CW,^,4 } : U^^D) 

with the same formal coordinates and the same coordinates around p± . 

• For each b S B we have that x± \u±rnr- 1 (b) : U± fl 7r _1 (fe)^_D are holomorphic coordinates 
around p± € 7r _1 (&). 

Definition 12.1. We dchnc the glueing isomorphism 

/ C = / C (S,A) : 7/(S, M ,//t,A)^y/(S c ,A) 

to be equal to I c (C,x±) for any pair (C,x±) of a complex structure and holomorphic coordinates 
on (E,{p+,p_}UP). 

Recall that it is assumed that (E C ,P) is stable and saturated. Let now (E', A') be a labeled 
marked surface obtained from (E, A) by labeling further points by G P{ . 

Proposition 12.2. We get the following commutative diagram of isomorphisms: 

e^y/(E, M , M t )A) JaP*U v/(e c ,a) 

where the vertical isomorphisms are the ones gotten from Theorem \ll.ll 

Proof. This follows since the glueing constructions both in the non-abelian case and the in the 
abelian case commutes with the propagation of vacua isomorphism. This is clear from (|80p and 



□ 
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Definition 12.2. In the cases where (X, A) is not stable or not saturated, we define the glueing 
isomorphism, to be the unique isomorphism 

I c = J C (X, A) : S pe p^/(S, Mi M f , A) -> V/(X C , A) 

which makes the diagram ()77j) commutative for any stable and saturated labeled marked surface 
(X£., A') obtained from (X, A) by labeling further points by € P^. 

By the naturality of the glueing construction we have that 

Proposition 12.3. The glueing isomorphism are compatible with the isomorphisms induced by glue- 
ing morphisms of marked surfaces. That is suppose 

f : (£\ {pl,p\} U P 1 , {vi,vl} U V 1 , L 1 ) ^(£ 2 , {p 2 _,p 2 + } U P 2 , {v 2 _, v%} U F 2 , I 2 ) 

is a morphism of marked surfaces and that there are glueing maps 

Cl :P{T p ,Y?)~.P{T pX V), 

such that (d p i^f)~ 1 C2d p i f — c\, then we get the following commutative diagram 

e^P^/(£\ M , M t, A i) Jci(sl ' Al) : vnK^ 1 ) 

U/(f)| V/(f)j 

e^P^/(s 2 ,/,, M t,A 2 ) Jc3(£2 ' A2) . ^/(S 2 2 ,A 2 ), 

/or a/Z labelings X 1 of P l compatible with f. 

We summarize the results on the glueing construction. 

Theorem 12.3. There is an isomorphism I c from @^ep t V?(X, \i, fP , A) to V^ fl (S c ,A) as specified 
in Definition \12.1\ and \12.2\ which is independent of the glueing map c in the following sense: 

If Ci : P{T p _Yi) — > P{T p+ Ti), i = 1,2, are glueing maps and f : X Cl — > X C2 is a diffeomorphism as 
described in Remark \2.!A then we have that 

I C2 = V»{f)I Cl 

as isomorphisms from ffi^ep, V®(H, fi, fi\ A) to Vj 8 (S C! , A). Moreover the isomorphisms I c are com- 
patible with glueing of morphisms of labeled marked surfaces. 

Let (X',A') be another labeled marked surface, which is stable and saturated. Let X" be the 
disjoint union of X and X'. Let X" be the glueing of X" using the glueing map c. Then we clearly 
have that X" = X c U X'. It is trivial to check that 
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Proposition 12.4. The glueing isomorphism is compatible with the disjoint union isomorphism, 
namely the following diagram is commutative 

©^y/(S", M , M t, A ,A') ► ©^y/(S, M , M t, A ,)®y/(S'A') 

/ c (£",A,A')j J c (£,A)(g>Id I 

V e s W,\,\>) ► V?(S C ,A)®V?(S',A'). 

Lot now S = (S.^.p^.p^.P^} U P,{w a) ,w ( h 1) ,^ 2) ,^ 2) } U V, L) be a marked surface. Let 

be glueing maps and E c(i) the glueing of E at the ordered pair ((p^!\ v^), (p+\u+^)) with respect 
to cW. Let S c (i2) be the glueing with respect to c* 12 ) = U c( 2 ). 

Theorem 12.4. The glueing isomorphisms commute, meaning the following diagram is commutative 
0^ 2e p^/(S^i,4,M2,/4,A) @ ^^a>(^lA ); ^ £p ^ /(Sc(i))M2)M t )A) 

© M1 eP, I c (2) / c(2 ) (E c(1) ,A)J 

e K£ P ( V?(E c(a) , mi, Ml A) /c(1>(Sc(2) ^ ^ fl (S c(12 , , A). 

Proof. Choose a complex structure on E and let C denote the resulting marked Riemann sur- 
face. The complex structure C gives a point in the Teichmuller space 7^ s ^ p w p w p m p ( 2 )-^ uP y 

Choose centered coordinates x^± : U±^D around p±* with d p (i) x^} (vf* ) = 1 and such that 

c« = P(d pW xf)- 1 o P(~) o P{d pW x ( l ] ) : P(T(i)E)-»P(T p ( E). The following construction of 
a smooth 3-dimensional complex manifold C with a holomorphic map n : C — ► D x D is the main 
ingredient in this proof : 
Let 

Ci ={(^\4V (1) > t(2) ) G (C 2 UC 2 )x£>x.D I = t«,|*«| < l,|tu«| < 1,|t«| < 1,* = 1,2} 

and 

C 2 = {(y,r) e E x £> x D \ y e U<£> \x { £ (y)\ > |r«|} 



Let then 

where 

is given by 



C — C\ C2, 

: ((t/ W - p W ) x £> x D U (C/| l) - p^) x £> x D) n C 2 -» & 



(x i i ) (y),r^/x { i\y),T^,T^), yeU^-p® 
(T^/xf(y),xf(y),r^,r^), y e uf p« ' 
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One easily checks that C is a smooth complex manifold of dimension 3 and that we have an obvious 

liolomorphic projection map tt : C — ► D x D. Choose formal neighbourhoods fj for the points P. We 

thus get a family of stable pointed curves with formal neighbourhoods 3c( 12 ) over D x D obtained 

by applying the glueing construction at the two pairs (p^\p+ ) and (j>^\p^). Let p = pi x p 2 : 

DxD^ D* xfl*, be the projection and let Sc(i2) = p*(5 r c (i2> |d*x£>*)- We denote the two projections 

onto the first factor by pW : D x Z) — > Z) and onto the second by p( 2 ) : D x Z> — > Z). 

~ r 2 ) r 2 ) 

Further let 3c<i) be the pull back under px of the normalization of S' c (i2) |_d* x {o} 

at [p"_>] = [pX>] 

and ^ c (2) be the pull back under pi of the normalization of 3" c (i2) |{o}xr>* 

at [p W ] = \pW]. Let 

X = (C, {p« , , , pf } U P, {* W , x« , ^ , } u V) ■ 

The glueing construction in the non-abelian case applied to 3cW (respectively to 3c(2)) and then 
to 5"„(i2) results in two two-variable versions of (18011 for any element of t t (X). Explicitly 

1*1,1*1,1*2,1*3,'' 

for an element eV f . t (X) we get a section (^Wl of V 1 ^ t ($ c (i)) given by 

A i l,MljM2 ! M2' ,/ f*2,f* 2 ' 1 ' 




! = 1 



where {uj 1 ^ (d), . . . , t>m^ (<0} is a basis of 7i Pl (d) and {vj^ (d), . . . , u™*(d)} is the dual basis of Ti^t (d) 
and 1$^)) is any section ofH^ ^ v . The holomorphic section (4'( 1 )| is covariant constant along the 
fibers of p\. Next we construct a holomophic section (\I/( 12 )| of V^(S" c (i2)) determined by 

OC I T7l e I 

($(12) |$) = J2 I ^<$ (1) |«f ® wj 2) (e) <8> $) I ( T ( 2 )) A -+ e , 



i 



where {w^ (e), . . . , Vm] (e)} is a basis of (e) and {u^ (e), . . . , (e)} is the dual basis of H t (e) 
and |$) is any element in TL V . This section is covariant constant along the fibers of p^\ 

Similarly, starting form (*| e V 1 * t t (X) we can construct a holomorphic section of V (-S c m), 
covariant constant along the fibers of P2, which is determined by 

oo I m e I 

($( 2 )|$) =J2 I ^(* (2) |«f ) (e)®^ 2) (e)(g)$) \ ( T (2))A„ 2+e . 

e=0 [j=l J 

Then, starting form (M/ C 2 ) | we can construct a holomorphic section (V]/C 21 ) | of V$(3e(i2)) which is 
covariant constant along the fibers of p^ , and given by 

oo ( rn-d ~\ 

($( 2 D|$) = I ^<* (2) k^) ® w| 1} (d) ® $) (t«) a *i+<*. 

d=0 I »=1 J 

Now ($( 12 )| and ($( 21 )| is given by the same power series 

oo m e 

® w (i)( d ) u f } ( e ) ® w (2)( e ) ® $)(r( 1 )) A «+ d (r( 2 )) A ™+ e . 

d=0 z=l j'=l 
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Hence, the two sections (vp( 12 )| and (\l>( 21 )| of V^(5" c (i2)) coincide, and in fact they are covariant 
constant. 

From this we in particular see that the connection in VJ^cU 2 )) is fiat. By applying the same 
argument to the abelian theory, we get that the glueing construction is also independent of the order 
of the glueing in the abelian case and the connection in Vl h ($ c (i2)) is flat over D x D. The theorem 
now follows. 

□ 

13. Verification of the axioms 

It is now straight forward to check the axioms of a modular functor given the results obtained in 
the previous sections. 

Theorem 13.1. The junctor from the category of labeled marked surfaces to the category finite 
dimensional vector spaces is a modular functor. 

Proof. In order to check axiom MF1, we only need to check that the disjoint union isomorphisms sat- 
isfies associativity, but this follows from associativity of the isomorphisms between the corresponding 
ftt> s and Fs. 

We have that the glueing isomorphism I c from Thcorcm ll2.3l is compatible with 

• The disjoint union isomorphisms: Proposition ll2.4l 

• The glueing isomorphisms them self, i.e. the glueing isomorphisms should commute: Theo- 
rem rrnn 

Hence axiom MF2 is checked. 

Axiom MF3 is trivial, since we define V^ B (0) = C. Axiom MF4 and MF5 follows from Corollary 
3.5.2 (1) and (2) in \T§\. 

□ 

14. Appendix. Families of stable curves and glueing 

In order to define the functor V®, we only need to refer to Riemann Surface and families of 
such which form smooth complex manifolds. However, in defining the glueing morphisms we also 
need to consider the so called stable nodal curves. These are one dimensional algebraic sub-varieties 
(algebraic curves) of complex projective space, such that the singularities are locally analytically 
isomorphic to a neighbourhood of the origin of xy = 0. A neighbourhood of a node is obtained by 
patching together at the origins of two small disks D\ = { x; | \x\ < e\ } and D 2 = { y; \ \y\ < £2 }■ 
By reversing the process, from a neighbourhood of a node we obtain two disconnected small disks. 
This process is called normalization or desingularization of the node. Thus, by a normalization of a 
nodal curve C we obtain a compact Riemann surface C and holomorphic map u : C — ► C such that 
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for a node P, the inverse image v 1 (P) consists of two distinct points P+ and P_. A curve which 
has only nodes as singularities is called a nodal curve. 

14.1. Stable curves. We begin by introducing the notion of stable curves. 

Definition 14.1. The data X = (C; Qi, Q2, ■ ■ ■ ,Qn) consisting of an algebraic curve C and points 
Qi, . . . , Qn on C are called an (N-)pointed stable curve, if the following conditions are satisfied. 

(1) The curve C is a nodal curve. 

(2) Qi, Q2, . . . , Qn are non-singular points of the curve C . 

(3) If an irreducible component Ci is a Riemann sphere P 1 (resp. a rational curve with one 
double point, resp. an elliptic curve), the sum of the number of intersection points of Ci 
and other components and the number of Q^s on Ci is at least three (resp. one, resp. one). 

(4) dim c H 1 (C,O c ) = g. 

Note that the condition (3) is equivalent to saying that the Euler characteristic of each component 
of the complement of the points Qj on it and the nodes is negative. 

A pointed stable curve with formal neighbourhoods is defined in an analogous way as a pointed 
Riemann surface with formal neighbourhoods (see Definition 13. 7|) . Also we can define a family of 
pointed stable curves with formal neighbourhoods. 

Definition 14.2. The data # = (tt : C — > B; s±, S2, ■ ■ ■ , Sj\r; Vx, f]2i ■ ■ ■ > Vn) is called a family of 
(A-)pointed stable curves of genus g with formal neighbourhoods, if the following conditions are 
satisfied. 

(1) Both C and B are connected complex manifolds, tt : C — ► B is a proper flat holomorphic map 
and si, S2, ■ ■ ■ , sjv are holomorphic sections of n. 

(2) For each point b e B the data (Cb := 7r _1 (6); Si(b), s 2 (b), . . . , sjy(6)) is an Appointed stable 
curve of genus g. 

(3) For each j, rjj is an Og-algebra isomorphism 

'/.- : C'.. .- - I™ O c /I? *O b [[(\], 

n — >oo 

where Ij is the defining ideal of Sj(B) in Y. 

The only families of pointed stable curves we need in this paper are all constructed explicitly from 
families of pointed Riemann surfaces via the glueing process discussed in the begining of section [T2"l 

14.2. Sheaf of vacua for a family of pointed stable curves. For a family of stable curves with 
formal neighbourhoods 3 = (tt : C — > B; s;ff) we can define the sheaf of vacua VMS') and the sheaf 
of covacua V^(S) just as in Definition 15. 11 If the family contains smooth curves (Riemann surfaces), 
then we have the connection given by Definition 16.21 on the complement of the locus of nodal curves 
and the connection has a regular singularity along this locus (see §5.3 of [T§]). 



72 



J0RGEN ELLEGAARD ANDERSEN AND KENJI UENO 



Using this connection with regular singularities it is shown in [15] , that Theorem [STT] is also valid 
for a family of stable curves. 

Theorem 14.1. For a stable family of stable curves with formal neighbourhoods 3 — (tt : C — > 
B;s;t]), the sheaves Vt(S') and V^(50 are locally free sheaves of Ob -modules of finite rank over B. 
They are duals to of each other. 

We include this theorem here for completeness. We do not need this result for the constructions 
in this paper. 

14.3. The sheaf of abelian vacua associated to families of pointed stable curves. For a 

family of stable curves with formal neighbourhoods 5 = (n : C — > B\ s; ff) we can define the sheaf of 
abelian vacua V^ b (J) just as in Definition 18.11 We have following result. 

Theorem 14.2 ([2, Theorem 5.2]). The abelian vacua construction applied to 3 gives a holomorphic 
line bundle V| b ( : J) over B. 

Next let us consider a nodal curve C with node P. Let C be the Riemann surface obtained by 
resolving the singularity at P and let 7r : C — > C be the natural holomorphic mapping. Then tt~ 1 (P) 
consists of two points P+ and P_ . Let 

£ = (C;<?i, . . . ,<?at;£i, . . . , £iv) 

be a pointed nodal curve with formal neighbourhoods and we let 

X = {C;P+,P-,qi, . . .,q N ;z,w,£i,.. .,£ N ) 

be the associated pointed Riemann surface with formal neighbourhoods. Define an clement |0+,_) € 
T by 

(78) |0+,_) = |0> <8 | - 1} - | - 1} ® |0). 

The natural inclusion 

\u) i-> |0+._)(g)|u) 



defines a natural linear mapping 



• r Af+2 ^ ^JV 



Theorem 14.3 ([2, Theorem 3.5]). The natural mapping _ induces a natural isomorphism 

vi(5)^v] b (x). 
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Let us now consider the case where we have one marked point on C 

X = (C;Q;£) 

and we let 

X=(C;P+,P-,Q;z,w,£,) 

be the associated 3-pointed curve with formal neighbourhoods. We can define (u>(X, {a,/3})\ similar 
to the non-singular case, by choosing a basis 

{a, 13) = (ai,..., ag-!,a g , /3i, . . . ,P g -i) 

of Hi(C, Z), in such a way that a±, . . . ,ot g -i and f3\, 02, ■ ■ ■ iPg-i is the image of a symplectic 

basis of Hi(C, Z) under natural map to -ffi(C, Z) and a g corresponds to the invariant cycle of a 

flat deformation of the curve C. Then we can choose a basis {u>i, . . . , u> s _i, u) g , • ■ ■} of 

H°(C,uj(*Q)) such that {n*wi, . . . ,Tr*oj g -i,iT*oj g +i,iT*oj g +2, ■ ■ ■} is a normalized basis of H°(C, luq(*Q)) 

as in dMl), CD]) and ([HJ where we put 

* (™) 1 i 

7T w 9+ „ = , n = 1, 2, . . . , 

and TT*w g is a meromorphic one-form on C which has poles of order one at P+ and P- with residue 
— 1 and 1, respectively is holomorphic outside P± and 




Then put 

{a,fi})\ = (■ ■ ■ A e(tu m ) A ■ ■ ■ A e(u 2 ) A e(wi)|. 

The proof of Lemma 3.1 of [2] applies also in this case and shows that (uj(X, {a, (3})\ is an element 
ofV] b (X). Let 

Then, by applying Theorem 17.41 at the points P± we have a canonical isomorphism 

i* : V] b (X) - V] b (X). 

Theorem 14.4 ([2, Theorem 6.5]). Under the above assumptions and notation we have that 

i *o( i ; : _)- 1 ((c(X,{a,/3})|) = (-l)^(c(X,{S,^})| 
where {a,/3} = {a x , . . . ,a g _i,/?i, . . . ,/3 9 -i}. 

Let J = (7r : C — > B, s±, . . . , sat, £i, . . . , £at) be a family of iV-pointed Riemann surfaces. For any 
point b E B there exists an open neighbourhood Ub such that 7r~ 1 (J7 b ) is topologically trivial so that 
we can choose smoothly varying symplectic bases 

{a x {t),...,a g {t),p x {t),...,P g {t)), teB. 
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Then we can define, using propagation of vacua, 

(«(X t ,{«(*),j8(*)})|eVi,(5)t 

where X t = (n^ 1 ^), si (t), £1). 

Theorem 14.5 ([2, Theorem 6.6]). The section (u(Xt, {ct(t), 0(t)})\ is a holomorphic section of 
V a f b (3) overU b . 

14.4. The glueing of vacua construction. Let us briefly recall the glueing of vacua. First let us 
consider the non-abelian case. We use freely the notation in i)12l Let 3 — (tt : C — > B; s_ , s + , s; r\^ , r\+ , ffj 
be a family of pointed Riemann surfaces with formal neighbourhoods on S over a simply-connected 
base B and we let 3c = (ir c : C c —>B c ,s,ff) be a stable and saturated family of iV-pointed curves 
with formal neighbourhoods obtained by applying the glueing construction pointwise over B to 3 
where B c = B x D with the unit disk D. 

By the isomorphism ([75]) holomorphic sections of ffi^V f -(3) over may be regarded as holo- 
morphic sections of Vt(3 c |Bx{o}) over B x {0}. The glueing of vacua is an isomorphism from 
holomorphic section of ©^V^ -(3) over B to a holomorphic sections of Vt(3c) over B c , which is 
covariant constant along the direction of D. The construction is as follows. 

By Lemma l4~Tl we can choose a basis {vi(d), . . . , v md (d)} of Tt^d) and the dual basis {u 1 (d), . . . , v" ld (d)} 
of W„t (rf) such that 

(79) (vi(d)\v k (d))=6i. 

For a holomorphic section (^1 € V t -(3) over S we define a formal series ($1 by 

(80) <$|$) = ^ <^ k(d) <8 v\d) ® $) I r A -+ d , 

d=0 { 8=1 J 

for all |$) £ Hj. Here the fractional power r A ^ +d is clearly well defined on D. This formal power 
series converges and defines in fact a holomorphic section of Vt(3c)- Namely, we have the following 
theorem. 

Theorem 14.6 ([19, Theorem 5.3.4]). The formal power series is a formal solution of the 
differential equation 

(81) (d-Tfl + aQ)) (§| =0 , 



of Fuchsian type where 



dr 



i=[h(.ti)-£-,.-.MtN)4- 



is an N-tuple of formal vector fields such that 9(1) — r— . Moreover, (^| converges and defines a 

dr 

holomorphic section o/V£(3c) over B c . 
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The differential equation fSTj) gives the holomorphic connection along the direction of D. Hence, 
the above formal power series is a holomorphic section of Vt(3c) which is covariant constant along 
the direction of D. 

Let us now discuss the glueing in the abelain case. 

Recall we have a perfect pairing 

{ | }+:T d {p)xT d (-p-l). 

Let {vi(d,p)}i=i.... imd be a basis of J-'dip) for any p £ Z and {?/(<i,p)}i = i,...,m ci be the dual basis of 
J~d{—p — 1) with respect to the pairing { } + . 

For a holomorphic section of V.I b (30 define by 

oc nid 

(82) ($u) = ^{X] ^M^W-KKp) ® -p - 1) ® w)}r d +P(P +1 )/ 2 . 

pGZ d=0 i=l 

Then the formal power series converges and defines a holomorphic section of € Vl^i-Sc)- Moreover 
this section is covariant constant along the directions of D. 

Theorem 14.7. The glueing construction gives an isomorphism between sections of V^ b ( : 5) and 
sections o/V^Sc) which are covariant constant along the directions of D. 

This theorem follows directly form Theorem 5.3 in [2]. Finally, we analyze the preferred section 
for the families. Suppose we have a continuous basis (o;,(t), (3i(t)) of Hi^^ 1 (t), Z), t £ (0,1) C 
D, such that we get a well defined limit as t goes to zero, which gives a symplectic basis, say 
(ai(0), . . . , a g -i(0), a g (0), /3i(Q), . . . , /3 s _i(0)) of Hx(Co, Z) as described above for nodal curves and 
(3 g (Q)=Q. Let Xt = (tt- 1 ^), Sl (t), . . . s N (t), 6, ■ • ■ 

Theorem 14.8 ([2, Theorem 6.7]). We have that 

(«(3t , {a(0),/3(0)})| - lim(w(Xt, {a(t), /3(t)})|. 

References 

[1] J. E. Andersen, The Witten invariant of finite oder mapping tori I, To appear in Journal fur Reine und Ange- 
wandte Matematik. 

[2] J. E. Andersen & K. Ueno, Abelian Conformal Field Theory and Determinant Bundles, MPS-Preprint 2003 - 5, 
|math.QA/0304135l 

[3] J. E. Andersen & K. Ueno, Construction of the Reshetikhin-Turaev TQFT from conformal field theory, Preprint 
in preparation. 

[4] M.F. Atiyah, On Framings of 3-manifolds, Topology 29 (1990) 1-7 

[5] B. Bakalov; A. Jr. Kirillov, Lectures on tensor categories and modular functors, University Lecture Series, 21. 

American Mathematical Society, Providence, RI, 2001. 
[6] C. Blanchet, Hecke algebras, modular categories and 3-manifolds quantum invariants, Topology 39 no. 1, 193-223, 

2000. 



76 



J0RGEN ELLEGAARD ANDERSEN AND KEN.TI UENO 



[7] C. Blanchet; N. Habegger; G. Masbaum; P. Vogel, Three-manifold invariants derived from the Kauffman bracket, 

Topology 31 no. 4, 685-699, 1992. 
[8] C. Blanchet; N. Habegger; G. Masbaum; P. Vogel, Topological quantum field theories derived from the Kauffman 

bracket, Topology 34 no. 4, 883-927, 1995. 
[9] J. D. Fay, Theta functions on Ricmann surfaces, Lecture Notes in Math., 352, Springer- Vcrlag, 1973. 
[10] G. Felder, Brst approach to minimal models, Nucl. Phys. B, 317, 215-236, 1989. 

[11] J. Grove, Constructing TQFTs from modular functors, J. Knot Theory Ramifications 10 no. 8, 1085-1131, 2001. 
[12] V. Kac, Infinite dimensional Lie algebras, third edition, Cambridge University Press, 1990. 

[13] N. Kawamoto, Y. Namikawa, A. Tsuchiya and Y. Yamada, Geometric realization of conformal field theory on 

Riemann surfaces, Comm. Math. Phys., 116, 247-308, 1988. 
[14] M. Kontsevich, Rational conformal field theory and invariants of 3-manifolds, Preprint of Centre de Physique 

Theorique Marseille, CPT-88/p2189, 1988. 
[15] G. Segal, The definition of conformal field theory, preprint 1992. 

[16] A. Tsuchiya, K. Ueno and Y. Yamada" , Conformal Field Theory on Universal Family of Stable Curves with 

Gauge Symmetries, Advanced Studies in Pure Mathematics 19, 459—566, 1989. 
[17] V. Turaev, Quantum invariants of knots and 3-manifolds, W. de Gruyter, Berlin, 1994.. 
[18] K. Ueno, On conformal field theory, London Math. Soc. Lecture Note 208, 283-345, 1995. 

[19] K. Ueno, Introduction to conformal field theory with gauge symmetries, Geometry and physics (Aarhus, 1995), 

Lecture Notes in Pure and Appl. Math. 184, 603-745, Dekker, New York, 1997. 
[20] K. Walker, On Witten's 3-manifold invariants, Preliminary version # 2, Preprint 1991. 
[21] C.T.C. Wall, Non-additivity of the signature, Invent. Math. 7 (1969) 269-274 

Department of Mathematics, University of Aarhus, DK-8000, Denmark 
E-mail address: andersenaimf.au.dk 

Department of Mathematics, Faculty of Science, Kyoto University, Kyoto, 606-01 Japan 
E-mail address: uenoamath.kyoto-u.ac.jp 



